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Abstract

The problem of estimating unobserved states of spatially extended dynamical systems poses an inverse problem,
be solved approximately by a recently developed variant of Kalman filtering; in order to provide the model of the dynam
more flexibility with respect tospace and time, we suggest to combine the concept of GARCH modelling of covariance, we
known in econometrics, with Kalman filtering. We formulate this algorithm for spatiotemporal systems governed by sto
diffusion equations and demonstrate its feasibility by presenting a numerical simulation designed to imitate the situati
generation of electroencephalographic recordings by the human cortex.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In many fields of science spatially extended s
tems are studied which evolve in time according
some possibly complicated dynamics. It is a typi
situation that the relevant state variables of such
tems cannot be observed directly, but only throu
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an observation function; in many cases this fu
tion performs a (possibly non-linear) projection of t
high-dimensional true state space of the system o
an observation space of much lower dimension. T
task of retrieving estimates of the true states fr
such observations represents a typical inverse p
lem. Due to the absence of a simple invertible re
tionship between state and observation such probl
are ill-posed, i.e., the solutions (“inverse solution
are unstable and ambiguous. As examples of fie
where such problems typically arise, we mention brain
.
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research[1], seismic tomography[2], oceanography
[3], quantum scattering[4–6], electrical impedance to
mography[7,8], microstructure analysis[9] and lossy
data compression[10]; more examples could be add
easily.

The literature on methods for estimating appro
imative solutions of these inverse problems is va
many approaches fall into the category of constrai
least-squares methods employing Tikhonov regu
isation [11,12]. In the case of the inverse proble
of estimating the current density field generating
human electroencephalogram (EEG) this approac
has become known as “low-resolution electrom
netic tomography” (LORETA)[13]. Generally these
algorithms are instantaneous, i.e., they are applied
dependently to the data obtained at different po
of time; however, it is possible to introduce an ad
tional temporal smoothness constraint[14,15], which,
from a dynamical systems perspective, correspo
to a random-walk model for the evolution of th
unobserved states. This approach has recently
generalised to a general spatiotemporal dynam
model[16].

In this Letter we would like to discuss and exte
an alternative approach which is based on Kalman
tering. The Kalman filter is the natural tool for es
mating unobserved states in dynamical systems[17];
nevertheless, only a small number of applications
Kalman filtering to inverse problems have been
ported so far[18–20]. The application of Kalman fil-
tering to spatiotemporal systems poses consider
challenges; through discretisation the spatial dim
sion can be cast into a high-dimensional state v
tor, but the dynamical model governing the dyna
ics of this state vector will depend on a very lar
number of unknown parameters. If various appro
mations are imposed, such as assuming homoge
and time-invariance of parameters, this number ca
reduced considerably, such that the remaining para
ters can be estimated by maximum likelihood meth
[16,20]; however, in many cases such strong appr
imations are inappropriate with respect to the ac
physics of the underlying system. This applies in p
ticular to approximations relating to the covarian
matrix of the noise driving the dynamics within a sp
tiotemporal dynamical model.

There exists an elegant approach for provid
more freedom to the covariance matrix in the cont
of state estimation, which is known as the “gen
alised autoregressive conditional heteroskedastic
(GARCH) model, originally introduced in econo
metrics as a model for time-varying volatility (an
recently honoured with the Nobel Prize in Eco
nomic Sciences 2003)[21,22]. The idea of applying
a Kalman filter to GARCH models was proposed
Harvey et al.[23]; here we take a different point o
view by regarding the combination of a Kalman fi
ter with a covariance model of GARCH type as a n
variant (in fact, generalisation) of Kalman filterin
instead of just as an example for the application
Kalman filtering. Again, this new generalised Kalm
filter can be applied to a wide variety of dynamic
models and data sets. Since covariance matrices
resent a core element of the Kalman filter iterati
the incorporation of the GARCH model into the fi
ter constitutes a major modification of the stand
Kalman filter. Numerical results will be shown for
simulation study imitating the situation given with th
inverse problem of EEG generation.

2. Problem formulation

Assume that the unobserved true states of a
tiotemporal system are given by a vector fieldx(r, t),
where r and t denote space and time, respective
x denotes the localnx -dimensional state vector. Spa
and time shall be discretised into grid pointsrv, v =
1, . . . ,Nr , and time pointstk, k = 1, . . . ,Nt ; for sim-
plicity let the sampling points of discretised space a
time be denoted byv andk, respectively, instead ofrv

andtk . Then

X(k) = (
x(1, k)†, . . . ,x(Nr , k)†)†

,

denotes the global state vector of the system at timk.
The dimension ofX is given byNX = nxNr . A vector
of NY scalar measurements at timek shall be given
by Y(k) = (y1(k), . . . , yNY(k))†. We assume the un
favourable caseNY � NX. In this Letter we anticipate
that the observation equation is approximately line

(1)Y(k) = KX(k) + ε(k),

whereε(k) denotes aNY-dimensional vector of ob
servational noise, which we assume to be white
Gaussian with zero mean and covariance matrixCε .
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TheNY × NX observation matrixK is assumed to b
known and of full rank.

We will make the assumption thatCε has the sim-
plest possible structure, namely

(2)Cε = σ 2
ε INY ,

whereINY denotes theNY × NY identity matrix, i.e.,
we assume that the observation noise is uncorrel
between all pairs of sensors and of equal variance
all sensors. These assumptions may be relaxed in
ture work.

Since direct inversion of Eq.(1) is impossible, ad-
ditional constraints have been employed. It has b
suggested that among all statesX which are consis
tent with the observationsY (for a given time pointk),
the state with maximum spatial smoothness should
chosen[13]. In order to quantify the smoothness o
given state, the following definitions are useful.

For each grid pointv let N (v) denote the set o
nearest neighbours; in a rectangular grid there wil
six nearest neighbours for each grid point, except
points directly at the borders of the system. LetN de-
note aNr × Nr matrix havingNvv′ = 1 if v′ ∈ N (v)

and 0 otherwise. Then a discrete spatial Laplacian
erator can be defined by

(3)LNX =
(

INr − 1

κ
N

)
⊗ Inx ,

here the symbol⊗ denotes Kronecker multiplicatio
of matrices. Forκ a value of 6 is to be expected, b
there may be reasons for choosing slightly differ
values. Multiplication ofLNX with X represents a dis
crete spatial derivative of second order.

In the regularised LORETA approach the inve
solution is obtained by minimizing the objective fun
tion

(4)E(X) = ∥∥(Y − KX)
∥∥2 + λ2‖LNXX‖2,

i.e., a weighted sum of the observation fitting error a
of a term measuring non-smoothness by the norm
the Laplacian of the state vector. The hyperparam
λ expresses the balance between fitting of observat
and the smoothness constraint; a non-zero value fλ

provides regularisation for the solution[13]. A closed
form for the solution of this minimisation task can
derived[16]; it has to be applied independently f
each time pointk.
3. Spatiotemporal models

It has to be regarded as a weakness of the LORE
approach that for estimating the inverse solution
time pointk no results from previous measureme
Y(k′), k′ < k and from the corresponding inverse s
lutions are employed. The idea of incorporating su
additional information into the estimation proce
leads to dynamical inverse solutions[20].

For the purpose of estimation of dynamical inve
solutions a model for the dynamics of the system
needed. If detailed models can be deduced from
sic principles, they will be extremely valuable, but
many cases (e.g., brain research) this is not the c
As a first-order approximation under the assumpt
of linearity, a general-purpose ansatz is given by
stochastic partial differential equation

(5)
∂px(r, t)

∂tp
= b

∂2x(r, t)

∂r2
+ η(r, t),

wherep is a small positive integer (typical choices a
p = 1 or p = 2), andη(t) denotes an integrable dy
namical noise term. After discretisation (with resp
to time and space), for the casep = 2 this equation
approximately corresponds to

x(v, k) = a1x(v, k − 1) + a2x(v, k − 2)

(6)+ b1
[
LNXX(k − 1)

]
v
+ η(v, k),

whereLNX has been defined in Eq.(3), [X]v denotes
the nx -dimensional vector composed of those e
ments withinX corresponding to grid pointv, and, in
the simplest case, the autoregressive parameter m
ces are given by

a1 = a1Inx , a2 = a2Inx with

a1 = 2 and a2 = −1,

also b1 can be modelled in the formb1 = b1Inx . We
see that the local model at grid pointv becomes an
autoregressive model of second order (AR(2)) with
additional first-order term contributed by the discr
spatial Laplacian, i.e., involving the neighbours of g
point v. Globally this model corresponds to a mul
variate AR model

(7)X(k) = A1X(k − 1) + A2X(k − 2) + H (k),

where

(8)A1 = a1INX + b1LNX and A2 = a2INX .
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Here most elements of theNX × NX parameter ma
trices A1 and A2 are zero, and the dynamical noi
termH (k) is aNX-dimensional vector, which we as
sume to be white and Gaussian with zero mean
covariance matrixCη. Generically it is not possible t
assume thatCη is diagonal, but by analogy with th
LORETA method the choice

(9)Cη = σ 2
η

(
L†
NX

LNX

)−1
,

provides a reasonable first approximation[16]; since
LNX andAi commute (compare Eq.(8)), this ansatz is
equivalent to assuming that if in Eq.(7) X(k) is re-
placed byX̃(k) = LNXX(k), the corresponding covar
ance matrixCη̃ will be diagonal. SinceLNX is a differ-
entiation operator, we call this transformation “spa
whitening” and replaceX(k) by X̃(k) from now on;
for convenience the tilde will be omitted.

4. Spatiotemporal Kalman filtering

In principle, based on Eqs.(1) (where we replaceK
by K̃ = KL−1

NX
, but again omit the tilde) and(7) stan-

dard Kalman filtering could be employed, in order
obtain estimates forX(k); but for largeNX the compu-
tational time and memory consumption would beco
prohibitively large. In[20] a spatiotemporal Kalma
filter was introduced, which is based on the idea of
placing the intractableNX-dimensional filtering prob
lem byNr coupled tractablenx -dimensional filtering
problems; this step requires diagonality ofCη, which
explains the need for the spatial whitening transform
tion discussed in the previous section.

In [20] the spatiotemporal Kalman filter has be
developed within the context of the inverse probl
of EEG generation; here we will summarise the m
steps in generalised notation. In the following, by w
ing x̂(k1 | k2) we denote an estimate of the value
some quantityx computed at timek1, based on all ob
servations obtained until timek2 � k1. First, in order
to confine the autoregressive model Eq.(6) to first or-
derx(v, k) is replaced by

x(v, k) = (
x(v, k)†,x(v, k − 1)†)†

,

new local parameter matrices are defined by

(10)a =
(

a1 a2
Inx 0

)
and b =

(
b1 0
0 0

)
,

then for eachv the local state prediction is given b
(compare Eq.(6))

x̂(v, k | k − 1) = ax̂(v, k − 1 | k − 1)

(11)

+ b

( [LNXX̂(k − 1 | k − 1)]v
0

)

and the corresponding local prediction error cova
ance matrix can be approximated by

(12)p(v, k | k − 1) = ap(v, k − 1 | k − 1)a† + cη,

where the 2nx ×2nx local dynamical noise covarianc
matrix cη is given by

(13)cη =
(

σ 2
η Inx 0

0 0

)
.

The global state prediction for all grid points is giv
by

X̂(k | k − 1) = ([
x̂(1, k | k − 1)†]

1 :nx
, . . . ,

(14)
[
x̂(NX, k | k − 1)†]

1 :nx

)†
,

where[x]1:n denotes the vector formed by the firstn

elements of vectorx. The observation prediction ve
tor follows as

(15)Ŷ(k | k − 1) = KX̂(k | k − 1).

The actual observation at timek is Y(k), and the ob-
servation prediction error results as

(16)�Y(k) = Y(k) − Ŷ(k | k − 1).

The corresponding observation prediction error
variance matrix can be approximated by

R(k | k − 1)

(17)=
NX∑
v=1

Q(v)p(v, k | k − 1)Q(v)† + σ 2
ε Inc ,

where the matrixQ(v) is defined by

(18)Q(v) =

 0 . . . 0

[K]v
...

. . .
...

0 . . . 0


 ,

here[K]v denotes thosenx columns fromK which cor-
respond to thevth grid point, and the array of zeros o
the right has the sizeNY × nx . The Kalman gain ma
trix for grid pointv follows as

(19)g(v, k) = p(v, k | k − 1)Q(v)†R(k | k − 1)−1,
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and finally the local state estimation and the cor
sponding local estimation error covariance matrix
given by

(20)x̂(v, k | k) = x̂(v, k | k − 1) + g(v, k)�Y(k)

and

(21)p(v, k | k) = (
1− g(v, k)Q(v)

)
p(v, k | k − 1),

respectively.
Formally, this algorithm results from combinin

the standard linear Kalman filter, applied locally
each grid point, with the additional idea of treati
the contributions of the neighbours as exogeneous
puts, which requires certain extensions of the stand
equations. A more pronounced step beyond the s
dard linear Kalman filter will be introduced in the ne
section.

5. GARCH modelling of covariance

Application of the Kalman filter, as described in t
previous section, anticipates that estimates of the
rametersa1, a2, b, σ 2

ε andσ 2
η are available; in[20] it

has been described, how such estimates can be
tained from given data by likelihood maximisatio
This is feasible due to the implicit homogeneity a
stationarity assumptions, according to which the v
ues for these parameters do not depend onv andk, i.e.,
on spatial location and time. If for certain paramet
these assumptions are relaxed or dropped, impro
inverse solutions can be obtained, but the param
estimation step becomes considerably more diffic
since the number of parameters to be estimated
assume much larger values.

As an alternative we suggest to include the dyna
cal noise varianceσ 2

η into the local state, thereby mak-
ing it dependent on space and time:

(22)ξ (v, k) = (
x(v, k),x(v, k − 1), σ 2

η (v, k)
)
,

it has been known for long that an appropriate cho
of σ 2

η is particularly important in Kalman filtering
whereas the other parameters are less critical.
dynamics ofσ 2

η (v, k) could be modelled again by
stochastic autoregression, as it is sometimes don
“stochastic volatility models” in econometrics[24];
however, this would render the filtering process c
siderably more difficult. The central idea of GARC
-

modelling is to employ the prediction error obtain
at theprevioustime step as an estimate of the stoch
tic shocks driving the dynamics of the time-depend
covariance. Since for inverse problems these pre
tion errors (in state space, i.e., at the local grid poin
are not directly available, we suggest to propagate
information contained in the observation predicti
errors back into state space by using the corresp
ing Kalman gain, i.e., using the previous value of
local state prediction errorg(v, k − 1)�Y(k − 1) in-
stead; this approach represents the consistent a
cation of the basic idea of GARCH modelling to t
state-space case. Among numerous possible cho
for the GARCH dynamics, we choose a variant ba
on logarithms[25], given by

logσ 2
η (v, k)

= logσ 2
c + α logσ 2

η (v, k − 1)

(23)+ γ log
nx∑
i=1

[
g(v, k − 1)�Y(k − 1)

]2
i
,

the summation over (squared) vector components
belled byi) represents the simplest possibility to ad
a vector-valued state dynamics to a scalar covaria
dynamics. This equation is inserted into the Kalm
filter after Eq.(19); during the next iteration, the re
sulting new values ofσ 2

η (v, k) for all v are used in
Eq.(12).

6. Simulation example

We will now present results for the estimation of i
verse solutions for a simulated spatiotemporal sys
which imitates the typical situation given for the ge
eration of the human EEG. The advantage of emp
ing a simulation is that the unobserved true sources
precisely known, such that it becomes easier to ev
ate the performance of different estimators.

A model cortex is discretised intoNX = 3433 grid
points, using an average probabilistic brain atlas[26],
and at each grid point a time-dependent 3-dimensional
(nx = 3) current density vector is assumed to rep
sent the local state. A highly simplified dynamics
implemented for these states by employing Eq.(6)
with a1 = 0.7, a2 = 0, b1 = 0.3 andσ 2

η = 0; however,
for two spherical regions within cortex, one being
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s are
Z), time is
Fig. 1. Simulated EEG recording for 18 standard electrodes according to the 10–20 system (PZ has been omitted); electrode abbreviation
given on the vertical axis. The EEG potential is measured in arbitrary units versus average reference of 19 electrodes (including P
measured in seconds, assuming a sampling rate of the simulated dynamics of 256 Hz.
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cated in frontal brain and one in occipital brain, t
parametera1 is assumed to depend explicitly on tim
according to

(24)a1(t) = ac

(
1+ as sin(2πf t)

)
,

slightly different values are chosen forac, ax , f andb1
for both regions (see[20] for further details). As a
consequence of this oscillation of the first local a
toregressive parameter the dynamics becomes pe
ically unstable within these two regions (which ha
pens fora1(t) + b1 > 1), and the corresponding a
tivation spreads out into the cortical grid, where
gradually damps out. These spatially extended os
lations are intended to imitate rhythmic activity, lik
alpha activity, which is know to be typical of cortic
dynamics. All local current vectors are pointing in
the vertical direction.

By using the appropriate observation matrixK
(known aslead field matrix), which can be derived fo
this situation from basic electromagnetic theory[27],
simulated 19-dimensional EEG observations (co
sponding to 19 electrodes attached to the surfac
the head according to the standard clinical 10-20 s
tem) can be generated; when transformed to aver
reference derivation, the chosen data has a stan
-

-

deviation of 94.09 units, averaged over all electrod
A small observational noise component of 1% s
(with respect to standard deviations) is already
cluded in this value. The simulated EEG time series
Nt = 512 points length, corresponding to two seco
of simulated time for the chosen sampling frequen
is shown inFig. 1. As can be seen, they clearly di
play two oscillations with different frequencies, corr
sponding to the two oscillating source regions, bu
a quite blurred fashion.

From the resulting data set inverse solutions
computed by

• an instantaneous method (LORETA)[13];
• spatiotemporal Kalman filtering with the simple

possible dynamical model; i.e., AR(1) with co
stant homogeneous covariance;

• spatiotemporal Kalman filtering with an AR(2
model and GARCH modelling of covariances;

• spatiotemporal Kalman filtering with the perfe
model, i.e., the model employed in generating
simulated data.

For two selected grid points, one of which, d
noted by “OGP”, was chosen out of the frontal r
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Fig. 2. True and reconstructed local states (inverse solutions) for the first half of the data shown inFig. 1, for two grid points chosen from a
average brain model. Modulus of local current density is shown vs. time; note the different vertical scale for left and right columns of figur
Panels A1, A2 display true local states according to simulation, panels B1, B2 display state estimates from an instantaneous method, pane
C2 display estimates from Kalman filtering with the simplest possible dynamical model, panels D1, D2 display estimates from Kalman filte
with GARCH modelling of covariances, and panels E1, E2 display estimates from Kalman filtering with the perfect model. See text fo
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gion displaying high-amplitude oscillations, whi
the other, denoted by “NOGP”, was chosen fro
a non-oscillating region, the estimated time ser
of the inverse solutions (modulus of local curre
density vector) are shown inFig. 2; for compari-
son, the true evolution of local states is also sho
(top panels). In the figure the inverse solutions
shown only for the first second (256 points) of t
data displayed inFig. 1. The parameters in Eq.(23)
were chosen asσ 2

c = 10, α = 0.85, γ = 0.2, while
the parameters in the dynamical models were e
mated by maximisation of likelihood (see[20] for
details).

From the figure it can be seen that the instan
neous solution correctly retrieves the oscillation
OGP, but underestimates its true amplitude by a
tor of approximately 2; in NOGP spurious oscillatio
are found. Both these errors are typical for the w
known tendency of instantaneous inverse solution
produce “blurred” solutions. The dynamical inver
solution with an AR(1) model and constant homog
neous covariance seems not to offer clearly perce
ble improvements over the instantaneous solution
this respect, although it can be shown to be supe
with respect to likelihood maximisation[20]; we re-
mark that the same holds true for an AR(2) mo
(results not shown). The dynamical inverse solut
with GARCH modelling of covariances starts at t
beginning of the data with similar estimates as a
the other inverse solutions, but then after a transien
approximately 0.25–0.5 seconds arrives at much
ter estimates: the oscillation amplitude for OGP is
trieved much better (although the wave shape is so
what distorted), and no spurious oscillation is induc
for NOGP. The initial transient was to be expected
the GARCH dynamics, Eq.(23). Finally, for compari-
son also the case of the perfect model is shown in
figure, i.e., the case of providing the spatiotempo
Kalman filter with the exact model which had be
used for generating the data. It can be seen that,
an initial transient, for both grid points very good esti
mates are achieved. Of course, in real applications
perfect model will never be available; nevertheless
result is not trivial, since also in this case the Kalm
filter has to estimate 3× 3433= 10299 unobserve
state variables from only 18 measurements. It has
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come obvious that the identification of an appropri
model forms a crucial precondition for obtaining i
verse solutions of improved quality.

7. Conclusion

In this Letter we have discussed and extende
general framework for obtaining inverse solutions
spatially extended dynamical systems through a
cently introduced new variant of Kalman filtering, a
we have proposed to link this methodology with t
concept of GARCH modelling of covariance, whic
to the best of our knowledge, had previously not be
employed in the context of dynamical inverse pro
lems.

Through a simulation study, which extends the
sults of a previous paper[20], we have demonstrate
the feasibility of this new approach and its poten
for providing considerably improved inverse solutio
Since our interest in the field of inverse problems w
stimulated by the task of source analysis using E
time series, we have chosen a simulation which
based on this particular situation, but we expect t
the ideas underlying spatiotemporal Kalman filter
could be useful in a variety of problems arising
present-day scientific research.

We have only been able to present the core id
and first results, while many questions still rema
open. First, we are not yet able to propose a system
approach for choosing the GARCH parametersσ 2

c ,
α andγ in Eq.(23). It is clear that they need to be ch
sen properly, otherwise the GARCH effect will not
initiated. So far we have not succeeded to employ
maximum-likelihood method for this task, althou
in principle this should be possible. A similar rema
applies to the estimation of variances for inverse so
tions, i.e., the estimation of error intervals; while f
the spatiotemporal Kalman filter with homogeneo
covariance it was shown to be possible to obtain cr
ible estimates of the error (as demonstrated in[20]),
this has not yet been achieved for the generalisa
to GARCH modelling of covariance. These issues
main to be addressed by future work.
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