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Abstract 

We compare two algorithms for the numerical estimation of the correlation dimension from a finite set of vectors: the 
"classical" algorithm of Grassberger and Procaccia (GPA) and the recently proposed algorithm of Judd (JA). Data set size 
requirements and their relations to systematic and statistical errors of the estimates are investigated. It is demonstrated that 
correlation dimensions of the order of 6 can correctly be resolved on the basis of about 100000 data points in the case of a 
continuous trajectory on a strange attractor; the minimum data set size is, however, noticeably dependent on the geometrical 
structure of the system from which the vectors were sampled. © 1998 Elsevier Science B.V. All rights reserved. 
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I. Introduct ion 

After  it had been realised that time series with 

broad-banded power spectra may be the result of 

deterministic nonlinear equations instead of being 

purely stochastic, numerous methods were developed 

to detect the possible determinism of  experimental 

time series; for reviews see [1-3]. This determinism 

must be discernible in a suitably chosen state space 

79 of  the system in question. A characteristic feature 

of determinism is given if the dynamics of  the system 

settles down to a subset of  79, the attractor, which can 

be described by a dimension smaller than the dimen- 

sion of  79. Consequently, a test for determinism can 
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be based on the estimation of  this dimension and sub- 

sequent comparison of the result with the dimension 

of 79. The algorithm of  Grassberger and Procaccia 

(GPA) for estimation of  the correlation dimension dc 

has been widely used [4]. Since its introduction in 

1983 several refinements have been proposed, e.g. the 

algorithm of Judd (JA) [5,6]. 

However, for data sets of finite length and limited 

precision, as they usually occur in real life, the re- 

sults of  these algorithms are often not as well de- 

fined as, for example, those of  a Fourier analysis. The 

algorithms therefore have to be calibrated, in order 

to find error intervals, possible systematic bias errors 

and limits of  applicability. The calibration will obvi- 

ously have to employ attractors of well-known dimen- 

sion which in addition should be representative of the 

real-world attractors that are to be analysed. Usually 
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this calibration is only carried out for a small number 

of  low-dimensional standard systems as the Lorenz 

system or the R6ssler system, which both have nonin- 

teger correlation dimensions around 2.0. Good agree- 

ment for these low dimensions does not imply that the 

same precision will be achieved for the application to 

systems with considerably higher dimensions. Several 

attempts to calibrate the GPA for higher dimensions 

have been carried out [7-10], but surprisingly it re- 

mains a problem to find suitable calibration systems. 

In this paper we will briefly review the algorithms 

of  Grassberger and Procaccia and of Judd and propose 

a refinement for the implementation of the latter. After 

mentioning some of  the previous work on calibration 

we will then propose the use of  two types of model 

attractors for calibration purposes which avoid at least 

some of the drawbacks of previously used systems. 

Calibration results will be given for GPA and JA using 

these attractors. Special emphasis will be put on the 

analysis of  statistical errors which arise due to limited 

amount of  data. This error will be investigated partly 

by analytical arguments and partly by numerical ex- 

periments. A model will be derived which provides an 

estimate of the statistical error as a function of radius, 

dimension and data set size. This model enables us to 

ascertain for each case the radius where the calibration 

results become unreliable due to poor statistics. 

In order to split up the calibration into several less 

complex problems we will assume the following: 

- Our data shall be regarded as noise-free. 

- We assume that the test attractors are faithful re- 

presentations of the true dynamics. 

The second assumption represents a considerable 

reduction of  the problem since the reconstruction of  

attractors by the method of  delays often seems to be 

a source of  errors in dimension estimation. This pro- 

blem arises from the limited precision which is inher- 
ent in all numerical data, regardless of  whether they 

come from measurements or from numerical simula- 

tions: Casdagli et al. [11 ] have shown that univariate 

time series from sufficiently high-dimensional systems 

in practice cannot be regarded as noise-free so that 

attractor reconstruction may become infeasible. Con- 
sequently the first assumption becomes possible only 
by anticipating the second. 

2. D i m e n s i o n  e s t i m a t i o n  a l g o r i t h m s  

2.1. Algorithm of Grassberger and Procaccia 

We start from a set of  m-dimensional vectors xi, i -- 

1 . . . . .  n, which is regarded as an approximate repre- 

sentation of the invariant measure forming an attractor 

in state space. 

Dimension is defined with regard to the local dis- 

tribution of  the xi in state space T'; in particular, for 

the estimation of the correlation dimension dc, we 

consider the cumulative distribution of interpoint dis- 

tances, called the correlation integral [4]: 

-I n-I i 

i=1 j=i+l 

where H(x) = 1 for positive x and H(x) = 0 other- 

wise. More precisely this is the sample correlation in- 
tegral of an individual realisation of  the xi, as opposed 

to the "true" correlation integral Ctrue(r), which re- 

suits for n ---> ~ .  11-bl denotes a norm in d-dimensional 

Euclidean space. We use Euklidean norm both in GPA 

and JA, since JA is based on theorems which explic- 

itly use properties of this norm [5]. Our results, how- 

ever, remain essentially unchanged, if maximum norm 

is used in GPA. 

Although in principle the sum (1) includes all pairs 

of  vectors, it is advisable to omit those pairs which 

are temporally correlated: For each vector Nign tem- 

poral neighbours, both into the past and into the fu- 

ture, are not evaluated. This removes the influence of  

the locally one-dimensional behaviour of the trajec- 

tory, which would otherwise decrease the resulting di- 

mension, as Theiler [12] has shown. Usually Nign is 

small enough to neglect the number of omitted dis- 
tances as compared to the total number of  distances 

n(n - 1)/2. 

Of course many more distances could be discarded 
from the algorithm since only the local distribution of 

the xi is of interest for the estimation of de; but for the 

sake of calibration we want to present the complete 
curves dc(r) as the result of  GPA, therefore we do not 

employ such refinements and have to accept higher 
computational expense. 



A. Galka et al./Physica D 121 (1998) 237-251 239 

In numerical practice the r-axis is divided into in- 

tervals ~i  : [ri, r i + l ) ,  i = 0 . . . . .  (Nbins -- 1), called 
bins, which are defined by 

r i = )~iro, 0 < )~ < 1, (2) 

where r0 is the largest occurring interpoint distance. 
All interpoint distances are filed according to size into 

the bins/3i. A series of numbers bi is obtained denot- 
ing the number of distances in/3i. For not too small 

bi the distribution of distances can approximately be 

estimated by 

bi 
Pi -- Y~bj"  (3) 

Let Ci denote the discretised version of the correlation 

integral, i.e. Ci := C(ri). Ci can be approximated by 
forming the cumulative distribution 

Nbins 

Ci = ~ P J, (4) 
j=i 

where Nbins is the number of bins. 
According to Grassberger and Procaccia C(r) can, 

for sufficiently small r, be modelled by 

C(r) = ar de, a const., (5) 

whence de can be obtained by 

0 log C(r) 
d c =  lim (6) 

r~0 Ologr 

In the case of finite data the limit cannot be formed, 
so a numerical derivation yields a "scale-dependent 

dimension" de(r). In our implementation the deriva- 
tive is determined by fitting lines to overlapping in- 

tervals of log Ci (log r). One then looks for a scaling 
region, a radius interval of sufficient length at small r 

where dc(r) remains approximately constant, and re- 
gards this value as an estimate of dc. In this study we 
omit this last step and present the curve dc(r) as the 

result of the dimension estimation. 

2.2. Algorithm of Judd 

The algorithm of Judd modifies this procedure in 
two important aspects. First, the model (5) is replaced 

by a refined model and secondly the simple parameter 

estimation (6) is replaced by a more elaborate estima- 

tion technique. 
Judd has shown [5] that for attractors which locally 

can be described as the product of a fractal set and a 

bounded connected subset of a smooth manifold hav- 
ing integer dimension t, the correlation integral can be 

modelled by 

C(r )  = air i r &, ai const .  (7) 
\ i = 0  / 

For practical purposes it is sufficient to confine the 

polynomial to first order: 

C(r) ~ (ao + a l r ) r  de. (8) 

In order to estimate dc from this model distribution 
(3) is used. The compound probability to find a certain 

set  {bi} is given by a multinomial distribution [13]: 

prob  ({bi }) _ (Y~ bj)!  N~-I~ _ _  ,bj,.g. (9) 
l-I(bj!) j=0 

The Pi depend, through 

P0 = 1 -- C(rl) ,  (10) 
Pi : C(ri) - C(ri+l) i ----- 1 . . . . .  Nbins -- 1, 

on the model parameters a0, a l, de. The maximum- 
likelihood estimates of these parameters are obtained 
by maximising the log-likelihood 

Nbins 

L(a0, aj ,  d c ) =  Z bi log pi. (1 1) 
i=0 

One has to be cautious about the size of this quan- 
tity, since for high data set size and high correlation 
dimension it can easily exceed the maximum value 

of numerical variables on computer systems (into the 

negative direction). Therefore dividing L(ao, al,  de) 
by a large number of the order of 10 5 may help to 

avoid numerical errors due to variable overflow. Of 
course this number depends on the data set sizes and 
dimensions actually encountered. 

The numerical maximisation is carried out by the 
simplex algorithm of Nelder and Mead [6]. Again, 
as with GPA, the underlying model (8) is only valid 



240  

for small r. Therefore the maximisation of (14) is 

not carried out only once for the set of  all bins 

{/30 . . . . .  /3U~n~}, but several times for subsets of bins 

{Bt . . . . .  Bh}, where h is a fixed bin number in the 

region of very small r, and l is gradually decreased 

starting from h - 1. Each subset corresponds to a 

different radius interval [rh, rt). We choose h such 

that rh is approximately equal to the mean distance of 

neighbouring vectors in state space; this has proved to 

be a useful lower bound of  the maximisation interval. 

From this procedure we obtain a series of estimations 

for dc each of which can be assigned to the corre- 

sponding upper radius limit r/. As long as the interval 

lies within the region where the model (8) is valid, 

the estimates will not differ significantly (except for 

statistical fluctuations for small (h - l)), so we ex- 

pect a plot of dc versus rt again to show a region of 

essentially constant dc, similar to the scaling region 

of GPA. 

The choice of the binning constant )~ is not crucial 

for GPA, provided the total number of  bins does not 

become too small, whereas for JA an optimal choice of 

~. is essential. It is necessary to resolve the relevant part 

of  the distribution with sufficiently many bins with- 

out using so many bins that the number of distances 

per bin shows large statistical fluctuations. While Judd 

employed an iterative procedure for the estimation of  

the optimal ~., we have chosen to evaluate first the dis- 

tribution of a small test set of distances and decide 

from this test sample about the binning parameters of 

the main computation. This direct approach seems to 

give better results than the iterative procedure which 
starts from many bins formed by an initial small value 

of  )~ and proceeds by coalescing these bins into larger 

bins. Frequently this procedure led to too small values 

of )~ resulting in increased statistical fluctuations. We 

aimed at using not more than 200 bins altogether. 

It should also be mentioned that a pure value for the 

dimension without any estimate of its error is almost 

meaningless; therefore Judd has given a formula which 
allows an estimation of this error to some extent; the 

explicit form can be found in [6]. This error estimate 

can also be presented as a function of rl. In Sections 
4.4 and 5.2 we will present a study of the statistical 
error of GPA and JA, which is based on evaluating 

A. Galka et al./Physica D 121 (1998) 237-251 

standard deviations from the results of  100 indepen- 

dent data sets. We compared these standard deviations 

with the errors from Judd's error formula and found in 

all cases that were tested the errors according to Judd 

to be too small at least by a factor of  5. Moreover, the 

scaling behaviour of these error estimates with rt was 

different from that of the standard deviations. This in- 

dicates that this error estimate is not applicable to the 

calibration systems which we employ. Therefore we 

will not use these error estimates in this study. 

It has to be noted that the CPU time requirements 

of JA are somewhat larger than those of GPA; the 

main reason for this lies in the numerical maximisa- 

tion procedure which consumes, especially for higher 

bin number, a sizeable fraction of  the total CPU time. 

Since our implementations are not optimized in terms 

of computational efficiency we cannot provide a de- 

tailed benchmarking; but as a rough guide we state 

that a run on 50000 points evaluating all distances 

takes about 35 min with GPA and about 43 min with 

JA on a PentiumPro 180 MHz PC. 

3. Calibration systems: N-tori and white noise 

Much previous work on the calibration of dimension 

algorithms used either N-tori or white noise as calibra- 

tion systems. N-tori [7,8,10,14] are created by forming 

time-delay vectors from a time series sampled from 

N 

x( t )  = ~ ~  ci sin wit, (12) 
i=1  

where the frequencies wi are mutually incommensu- 

rable. Jedynak et al. [ 14] found that a 5-torus analysed 
with GPA yields dc ~ 5.7 even for 106 data points 

and concluded that dimensions higher than 3 could 

not be estimated with data sets of reasonable size. 

Gershenfeld [10], on the contrary, was successful in 

determining the dimension of  a 12-torus with 10% 
accuracy. 

One problem about N-tori lies in the fact that they 
show no decay of  autocorrelation with time, which, 

for a finite amount of data, always causes a regular 
array of  vectors on the reconstructed attractor [15]. 

Therefore the distances will not even approximately 
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be independent. Another problem is that after the time 

delay embedding procedure N-toil have a surpris- 
ingly complicated structure in the embedding space: 
Though locally they consist of an N-dimensional 

(hyper-)surface, this surface has a tendency for ex- 
tensive foldings and self-intersections in certain parts 

of state space. From a theoretical point of view such 

self-intersections should not disturb the dimension 
estimation [ 16], but in numerical practice this effect 

nevertheless may fool dimension estimators into find- 
ing a dimension larger than N. Only by a sufficiently 

high embedding dimension these intersection can be 
avoided; according to the embedding theorem from 

Takens [17] this dimension may be as large as 2N + 1. 

It is more justified to choose white noise as a cal- 
ibration system [6,8,9]. After the embedding it does 

not correspond to any specific attractor in state space 

and should therefore always reflect the embedding di- 

mension. Independence of distances is obviously pro- 
vided. If the distribution of the noise is uniform, the 

set of reconstructed vectors will have sharp "edges" 
in state space, which may disturb dimension estima- 

tors (edge effect). With regard to this source of er- 
rors Smith [18] has estimated the minimum data set 

size nmin for the correct estimation of a dimension d 
to within 5% error to be proportional to 42a; for the 

same situation Theiler [15] found 5 a. This enormous 
discrepancy reflects the disagreement which still ex- 

ists on this issue. Moreover, the applicability of such 

estimates to real-world situations is questionable since 

experimental time series have significantly different 
properties from noise. 

The edge effect may be reduced (but not removed) 

by using a Gaussian distribution instead of the uniform 
distribution. For noise from a Gaussian distribution 
Judd [6] was able to resolve dimensions as high as 16 

from small samples using JA. 
In the next section we present a simple calibra- 

tion system based on white noise which does not give 

rise to any edge effect. Still it is a disadvantage that 
conclusions about the behaviour of experimental dy- 
namical systems are drawn from noise; therefore in 
Section 5 we will use a numerically integrated dynam- 
ical system of variable dimension for the purpose of 

calibration. 

4. Using hyperspheres for calibration 

4.1. Advantages and disadvantages 

The concept of N-toil can be simplified by directly 

filling a (d + l)-dimensional state space with vectors 

which lie on the surface of a (d + 1)-dimensional hy- 
persphere. These vectors will form a set of the pre- 

cise dimension d without any risk of self-intersections. 

Complete independence of vectors can be provided by 
filling the surface with random vectors of constant den- 

sity. No edge effect will be present. Hence, these sets 
represent the easiest conceivable test systems for di- 

mension estimation, and the calibration results should 

be regarded as theoretical limits for the best possible 

performance. 
The disadvantages of hyperspheres as calibration 

systems are their geometrically simple, highly sym- 
metrical structure and the absence of an underlying 

dynamical system. Actually, the geometrically simple 

structure is an advantage for the purpose of dimension 
estimation, but it does not represent a good model of 

typical strange attractors from dynamical systems. 
Hypersphere surfaces have already been used by 

Pettis et al. [19] for testing an estimator of intrinsic 

dimensionality; to our knowledge they have not been 
used for testing GPA and JA. 

4.2. Statistical error f o r  GPA 

Two effects limit the precision of dimension 
estimators: Both for GPA and JA a certain radius 

interval is needed, for which the models (5) and (8), 
respectively, are valid. For too large radius the in- 

fluence of the global shape of the attractor becomes 
noticeable, and the models are no longer valid. It 

depends on the specific attractor which fraction of its 
overall diameter has to be regarded as "too large". In 

the case of N-toil the asymptotic scaling behaviour 
sets in only well below of the smallest of the ampli- 

tudes ci. 

The second effect arises in the regime of small ra- 
dius where due to finite data set size the Pi in (3) 
become very small, which gives rise to large statis- 
tical errors. Statistical error in correlation dimension 
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estimation has been treated thoroughly by Theiler [20]; 

in his study correlation dimension estimation is es- 

sentially interpreted as extracting a single n u m b e r -  

the scaling region value d c -  from the data set. We 

would like to go further and regard the complete func- 

tion dc(r)  - Eq. (6) without the limit - as the result of  

the dimension estimation. Situations are conceivable 

where different dimensions can be identified for dif- 

ferent radius scales, e.g. N-tori  with suitably chosen 

amplitudes. Moreover, as Grassberger et al. [3] note, 

the information in C(r) may be useful even if no scal- 

ing region at all can be found. 

Therefore we give a different approach to the es- 

timation of statistical errors. We start from the sam- 

ple correlation integral (1), where for convenience we 

drop the normalisation constant. Then C(r) is directly 

the number of distances smaller than r. For many dif- 

ferent realisations of  the hypersphere this number will 

be Poisson-distributed [21,22] with Ctrue( r )  as  aver- 

age and a standard deviation of ~ .  We can re- 

gard the curves Ctrue(r) 4 - 2 ~  as approximate 

upper and lower confidence profiles for a confidence 

level of  95%. Ctrue( r )  c a n  be estimated by the mean 

over the individual curves C(r) from many different 

realisations. 

It would be very difficult to estimate the error of the 

derivative (6) from these confidence profiles if there 

were not strong correlations between the errors of C (r) 

at adjacent radius values. Due to its cumulative nature 

any individual curve C(r) cannot decrease for increas- 

ing radius. Let ~r (r) denote the standard deviation of 

dc(r)  which is due to statistical error. It might be a 

suitable approximation at least of  the functional form 

of  or(r) to regard the 95% confidence profiles them- 

selves as those individual curves C(r) corresponding 

to the highest deviations from the correct derivation 

result dc(r) ,  that is we can approximate the standard 

deviation of dc(r)  by 

[ (  a ,og(C(r)-  C~/-C~))-d] a (r)  = ot 0 log r 

(13) 

where d denotes the true dimension of the surface of  

the hypersphere and c~ is a constant which will be 

estimated from the numerical experiments. 

If  we use for C(r) Eq. (5) with dc = d, we obtain 

otd 
or(r) = 2(,vfdrd/2 - 1)' (14) 

We note in passing that for large r this corresponds 

to a linear relationship between log ~r and log r with 

a slope of ( - d / 2 ) .  Theoretically this offers a simple 

possibility to estimate d from the statistical errors of  

many realisations. 

Now we have to find an expression for the constant 

a. If we use C(r) without the normalisation constant, 

we see from (5), that a is the number of distances 

smaller than r = 1. If we were using only one single 

reference point, this would be the number of  points on 

the surface of  the hypersphere within a distance r = 1 

of that reference point, that is, within a d-volume of  

7gd/2 
Vd(r = 1) =-- Vd(1) --  (15) 

F(d/2 + 1)' 

if r << R, where R is the radius of the hypersphere. 

The (d + 1)-surface area of  the complete hypersphere 

is given by 

A~I+I (R) = F(d/2 + 1)2 a+l Yr d/2 Ra" (16) 
F(d + 1) 

If n points are distributed on the surface, we obtain 

n vd( l )  
a --  (17) 

Acl+l (R) 

Due to the complete symmetry of  the points on the 

surface this situation remains essentially the same, if 

we have n reference points instead of just one. All 

n(n - 1)/2 distances can be thought as referring to 

one single reference point on a correspondingly denser 

sampled hypersphere. Therefore we substitute n(n - 
1)/2 ~ n2/2 for n: 

n 2 Vd(l) 
a -- . (18) 

2Ad+l(R) 

Altogether the standard deviation of de(r)  becomes 

( Frff-~+l) ( r  ,d/2 )-1 
a ( d , n , r ) = o t d  n F(d/2+l)  \ ~ /  - 2  , 

(19) 

which is the main result of this section. Of course the 

use of  standard deviations in the estimation of  95% 
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confidence profiles implicitly assumes the distribution 

of dc(r) to be approximately Gaussian. This will not 

be justified for a broad distribution with a small mean 

d, since dc(r) cannot become negative. 

4.3. Estimation of minimum data set size 

The standard deviation cr(d, n, r) given by (19) de- 

creases with increasing r, and we can easily give a 

condition for the error corresponding to the 95% con- 

fidence level 2a(d ,  n, r) to drop below a certain frac- 

tion k of the true value of  dc: 

2a(d ,  n, r) < d/k .  (20) 

So if we are interested in the radius where the relative 

statistical error has dropped to 5% - a commonly used 

value [15,18] - ,  we would choose k = 20. The next 

question is then whether the resulting radius is already 

too large for local scaling. The crossing from "large" to 

"small" radius cannot be related to a precise criterion, 

so a somewhat arbitrary condition has to be chosen. 

For hyperspheres we could agree that a radius of one 

tenth of  the overall diameter is sufficiently small to 

neglect the curvature of  the sphere, that is a maximum 

radius rmax = R/5. More generally we write 

rmax = Rig.  (21) 

If we furthermore demand a scaling region of  a certain 

length L between rmax and the rise of  the statistical 

error beyond the threshold of 5%, we need a minimum 

radius rmi n with 

rmin _< rmax/L. (22) 

Ruelle [23] has argued that one needs at least L = 

10 for reliable slope estimation. We have observed, 

however, that significantly lower values are sufficient 

in many cases, if one analyses the complete function 

dc(r): At larger radius this function may already show 

a distinct intention to saturate at a certain dimension 

value, though the actual saturation at smaller radius 

is hidden by statistical errors. Of course such proce- 

dure should be supported by careful testing for sta- 

tistical relevance, e.g. by surrogate data tests [24]. In 

our tests of  GPA and also of  JA in the next sections 
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we will demand at least the presence of a short, but 

visible scaling region as a condition for regarding the 

dimension estimation as successful. 

By inserting rmin = rmax/L into (19) we obtain 

an expression for the minimum data set size nmin(d) 

needed to resolve a dimension of d up to a statistical 

error of at most d/k:  

nmin(d) = (2gL) d/2 F (d /2  + 1) (2kot + 2). (23) 
r,~P-Td + 1) 

This expression can for g = 5, k = 20, L = 2, ot = 

1.7 (see Section 4.4) and within 1 > d > 10 be well 

approximated by 

nmin (d) ~ 10 (d+3"7)/1'9 (24) 

Ruelle [23] found for the more demanding condition 

L = 10 the less demanding expression nmin(d) 

10'1/2; his analysis, however, considered only the most 

basic limits which C(r) cannot exceed, and did not 

include any limitations from global attractor shape or 

from poor statistics. Other approximations for nmin 

have been mentioned in Section 3. 

4.4. Numerical error analysis 

In this section we numerically investigate the statis- 

tical error which arises in the application of  GPA and 

JA to hyperspheres. We create hyperspheres of  actual 

dimensions 3, 6 and 9 and fill their surfaces with 10 4 

vectors. The vectors are uniformly distributed on the 

surfaces using a standard pseudorandom number gen- 

erator; the resolution of the data is 16 bit for all nu- 

merical experiments in this study. Experimental time 

series usually have a resolution of  12 or 14 bit; we 

found, however, our results to remain essentially un- 

changed even for a resolution of  8 bit, so this para- 

meter is not critical. 

For every combination of dimension and number 

of  vectors 100 independent realisations of the hyper- 

spheres are created. GPA and JA are applied to these 

hyperspheres, and for each case the mean and the stan- 

dard deviation of  the 100 resulting functions dc(r) are 

evaluated. Note that for JA the radius has to be read 

as "upper limit of  radius interval for max-likelihood 
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Fig. 1. Correlation dimension estimate vs. radius for the appli- 
cation of GPA (left panel) and JA (right panel) to hyperspheres 
of (surface) dimensions 3, 6 and 9; the figure shows mean val- 
ues (diamonds) and statistical errors (approximate 95% confi- 
dence intervals; dotted lines) for the results of 100 independent 
realisations; each hypersphere is formed by 104 vectors, all 
distances are evaluated. 
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Fig. 2. Log-log-plot of the statistical errors from the left panel 
of Fig. 1 vs. radius; solid lines denote numerical results, dotted 
lines denote theoretical curves according to Eq. (19), where the 
constant t~ has been chosen as 1.7. The diamonds are numerical 
results for the case of d = 6, n = 5 • 104, nref = 1000, so that 
only 4% of the distances are evaluated. The short horizontal 
lines denote the error levels corresponding to 5%. 

maximisation". By this procedure the result of the di- 

mension analysis is not reduced to a single number, 

rather the complete scale-dependent dimension infor- 

mation is averaged over the realisations. In Fig. 1 the 

mean of dc(r) is presented for both algorithms; the 

statistical errors are presented as 2~r(r), thereby ap- 

proximately denoting 95% confidence intervals. 

It can be seen that the mean values succeed to form 

reasonable scaling regions both for GPA and JA at the 

correct dimension in the cases of d ----- 3 and d = 6; 

JA also forms a short scaling region for d = 9. The 

statistical errors, however, make the scaling region for 

GPA, d = 6 almost worthless, while for JA the same 

ensemble of hyperspheres results in a scaling region, 

a sizeable fraction of which shows only neglegible 

errors. This tendency of JA to outperform GPA on 

hyperspheres will be confirmed in Section 4.5. 

In Fig. 2 the statistical errors 2cr(r) for GPA are 

investigated more closely as functions of radius and 

dimension by using a log-log-plot. They are pre- 

sented for the same three ensembles of hyperspheres 

as in Fig. 1. In the same figure the theoretical curves 

according to Eq. (19) are presented. The constant 

c~ was chosen as 1.7 which gives best congruence 

between theoretical curves and numerical results. 

Though a slight systematic deviation of the numerical 

results from the theoretical curves remains, it never- 

theless is evident that Eq. (19) is a useful model for 

the statistical errors. Similar good congruence was 

found in all other situations that were investigated. 

The same figure shows also the numerical results 

for the case of d = 6, n = 5 • 104, but for these hy- 

perspheres not all distances were evaluated in Eq. (1), 

rather a set of nref = 1000 reference vectors was cho- 

sen randomly, and only the distances between these 

vectors and the complete set were evaluated. This cor- 

responds to the same total number of evaluated dis- 

tances as the case of n = nref = 104. From the figure 

it can be seen that both cases yield almost identical 

statistical errors 2cr (r). Consequently the statistical er- 

ror of dimension estimators is a function of the total 

number of evaluated distances and not of the number 

of vectors alone. 

For JA we do not have an analytical model of 

2cr(d, n, r), though the situation is certainly related 

to the case of GPA. Due to the max-likelihood max- 

imisation on radius intervals of growing length the 
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locality of  the dimension information with respect to r 

is lost to some extent. This affects also the behaviour 

of  statistical errors as functions of  radius. We do not 

present log-log-plots for JA; they also show approxi- 

mately linear relationships, but with a slightly larger 

negative slope than in the corresponding plot for GPA. 

These curves can be approximated by a somewhat 

altered version of  Eq. (19), which is purely empirical 

and does not follow from a model; we will use it in 

order to obtain a rough estimate of the radius, where 

the statistical error reaches a threshold of 5%. This 

makes it possible to omit statistically unreliable parts 

from the curves de (r) for larger data sets without the 

need of  performing many runs for each curve. 

4.5. Comparison between GPA and JA 

We now compare the ability of  GPA and JA to es- 

timate correctly the dimension of  hyperspheres from 

data sets of  limited length. The actual dimensions 

range from 1 to 15, the number of vectors n is chosen 
so as to yield 106, 108 and 10 l° interpoint distances, 

giving 1414, 14 142 and 141 421 vectors. The result- 

ing curves dc(logr)  are shown in Fig. 3. 

We use the results of  the previous sections to deter- 

mine for each curve the radius rmin, at which the sta- 

tistical error drops below 5%; those parts of  the curves 

with higher statistical error are omitted. For GPA we 

therefore transform (19) into rmin(d, n); the inverse 

f u n c t i o n s  d ( rmin ,  n )  (which cannot be formed analy- 

tically) are also shown in Fig. 3. The same is done for 

JA, using a purely empirical expression. 

From Fig. 3 we see that for both algorithms it may 

be a problem to identify a reliable scaling region, es- 

pecially for small data set size and high dimension. 

Frequently it becomes a question of  belief whether 

there exists one and where precisely to locate it. 

The results for GPA show scaling regions of accept- 

able length at the correct position for d < 4 (Ndist = 

106), d _< 6 (Ndist : 108) and d < 8 (Ndist : 1010). 

The determination of  such "maximum resolvable di- 

mensions" admittedly bears a certain degree of  sub- 

jectivity; according to taste one might prefer to choose 

one dimension higher or lower. Nevertheless this kind 

of  interpretation is still useful for our purposes. 
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Fig. 3. Correlation dimension estimate vs. radius for the applica- 
tion of GPA (left panels) and JA (right panels) to hyperspheres 
of (surface) dimension 1 . . . . .  15 (curves in ascending order): 
the data sets are formed by 1414 vectors (upper panels), 14 142 
vectors (middle panels) and 141 421 vectors (lower panels); the 
dotted functions represent the approximate limit of the regions, 
where the statistical errors rise above 5% (towards smaller ra- 
dius values); note that the radius for JA has to be read as "upper 
limit of radius interval for max-likelihood maximisation". 

This performance of  GPA is clearly better than 

could be expected from Eq. (24), one reason being 

that for these almost perfect data sets even a scaling 

region with L < 2 is sufficient for visual inspection. 

The curves for higher d fail to display the correct 

dimensions due to the global-shape effect mentioned 

in Section 4.2; if we insist on extracting values for dc 

from these curves, they would show a downward bias. 

The results for JA tend repeatedly to overestimate 

de slightly; this overestimation, however, is always 

well below the 5% level. The curves show acceptable 

scaling regions up to d < 8 (Ndist = 106), d < 11 
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(Ndist ----- 108) and d < 14 (gdist = 101°). The higher 
curves still give a good impression of the correct value 

of dc. The reduction of the (apparent) dimension due 
to the global-shape effect is only faintly visible. 

We can therefore state that JA clearly outperforms 

GPA on hyperspheres. We repeated the analysis with 
JA, but used a polynomial of degree 0 instead of 1; 

this is in essential GPA with maximum-likelihood es- 

timation. The results were very similar to those of the 
"classical" GPA. Hence, we conclude that the main 

improvement of JA over GPA lies in the refined model 
(8), not in the application of maximum-likelihood 
estimation. 

The results become less convincing if a polynomial 

of order 2 or higher is used, in accordance with the 
results of Judd. 

Despite of its superior performance there is also a 
slight disadvantage of JA, the need for a numerical 

maximisation of (11). In some cases we observed that 

this procedure failed to find the correct maximum, in- 

stead the value d c =  1 or a very high value was given 
out. This mainly happens in the region of large r. Such 

failures can be detected by inspection of the complete 

curve dc(r): For lower r the curve discontinuously 
jumps to more realistic values. In this manner it is 

usually possible to distinguish between reliable and 

erroneous maximisation results. We therefore omitted 

the erroneous results in Fig. 3; this can be seen espe- 
cially for the c a s e  Ndist : l010 (lowest right panel of 

Fig. 3). 

5. Using multiple Lorenz systems for calibration 

5.1. Advantages  and disadvantages 

A. Galka et al./Physica D 121 (1998) 237-251 

by combining the time series of nL individual Lorenz 
systems with identical parameters but different initial 

states. This is equivalent to a dynamical system of 3nL 
ordinary differential equations. 

We use the standard parameter values cr = 10.0, 

r = 28.0 and b -- 8/3; for these values the result- 

ing attractor has a correlation dimension of dc ~ 2.06 

[4]. After solving the equations numerically a set of 

vectors is obtained which forms an attractor in a 3nL- 
dimensional state space. Since the individual Lorenz 

systems have different initial states and do not inter- 
act, the fractal dimension of this attractor is simply the 

sum of the individual dimensions, i.e. dc -~ nL • 2.06, 

provided that a sufficient amount of data is given. 
Consequently such multiple systems are a way to cre- 

ate strange attractors of high but still precisely known 
fractal dimension. 

The advantages of data sets from multiple Lorenz 

systems over hyperspheres are obvious: They are 

sampled from actual trajectories which form the state 
space representation of a nonlinear dynamical system, 

therefore they are much closer to experimental time 
series than hyperspheres. Furthermore they repre- 

sent genuine strange attractors with accordingly low 

symmetry and low homogeneity of their geometrical 

structure, whereas the hyperspheres are of simple, 
artificially symmetric and homogeneous structure. 

On the other hand calibration results from these sys- 

tems still cannot be applied to experimental situations 
without caution, since strictly speaking they are only 

valid for these special systems, but not necessarily 
for others encountered in experiments and in nature, 
which may have different properties, significant noise 

levels, etc. 

We now tum to a class of systems which are closer to 
real-world situations than hyperspheres (though they 
still offer important simplifications as compared to ex- 
perimental time series). The well-known Lorenz equa- 
tions ~(t) = cr(y(t)  - x ( t ) ) ,  p( t )  = r x ( t )  - y ( t )  - 

x ( t ) z ( t ) ,  ~(t) = x ( t ) y ( t )  - b z ( t )  form a deterministic 
nonlinear system which displays a strange attractor of 
noninteger dimension at appropriately chosen param- 
eter regimes. We form attractors of higher dimension 

5.2. Numer ica l  error analysis 

We proceed for multiple Lorenz systems in the same 
way as above for hyperspheres. In order to investi- 
gate statistical errors the equations are integrated 100 
times for different initial conditions, which are cho- 
sen randomly. A standard fourth-order Runge-Kutta 
integrator is used. The integration step size is 10-3; 
the resolution is again 16 bit. The first 105 integration 
steps are discarded in order to allow transients to die 



A. Galka et al./Physica D 121 (1998) 237-251 247 

0 

o= 8.24 
E ~3 
o = 6.18 

~4.12 

0 
256 1024 4096 

JA 

L i L i 

16384 4096 8192 16384 32768 
radius 

Fig. 4. Correlation dimension estimate vs. radius for the ap- 
plication of GPA (left panel) and JA (right panel) to multiple 
Lorenz attractors of actual dimensions 4.12, 6.18 and 8.24; the 
figure shows mean values (diamonds) and statistical errors (ap- 
proximate 95% confidence intervals; dotted lines) for the results 
of 100 independent realisations; each hypersphere is formed by 
104 vectors, all distances are evaluated. 
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Fig. 5. Log-log-plot of the statistical errors from the left panel 
of Fig. 4 vs. radius; solid lines denote numerical results, dotted 
lines denote theoretical curves according to Eq. (19), where the 
constant c~ has been chosen as 1.3 and the radius R has been 
set to 11 000 (see text for details). The short horizontal lines 
denote the error levels corresponding to 5%. 

out. Since we want to avoid any temporal correlations 

between vectors in state space which might influence 

the dimension estimation [12], we choose a compar- 

atively large sampling time of 2000 integration steps. 

This can be done since we use all coordinates of the 

attractor; it would be impossible to reconstruct the at- 

tractor from just one coordinate by time-delay embed- 

ding for such a large sampling time. The analysis is 

carried out for nL = 2, nL = 3 and nL = 4. The data 

set size is 104 vectors for all sets. The method of anal- 

ysis is almost the same as in Section 4.4; however, as 

a rather technical variation, designed to faciliate sub- 

sequent analysis, all distances are normalized by the 

square root of the state space dimension 3nL. This 

was not necessary for the hyperspheres, since for them 

even Euclidean distances remain bounded for arbitrar- 

ily high state space dimension. The results are shown 

in Fig. 4. 

We see with both algorithms for nL = 2 acceptable 

scaling regions of the mean values at the correct 

dimension; however, for GPA the statistical error 

becomes sizeable, as soon as the scaling region is 

reached. For nL = 3 the mean values still give a rough 

impression of the correct dimension, but with rather 

large errors, whereas for nL = 4 both algorithms fail 

to give more than an indication of high dimension. 

In Fig. 5 the statistical errors 2a ( r )  for GPA from 

Fig. 4 are presented as a log-log-plot. We see for suf- 

ficiently low radius linear relationships as in the case 

of hyperspheres. Again the theoretical curves accord- 

ing to Eq. (19) are presented. For d the values 4.12, 

6.18 and 8.24 are used; the variable R, corresponding 

to the radius of the hyperspheres, was set to 11 000, 

which is approximately the standard deviation of the 

Lorenz attractor in a 16 bit format. For hyperspheres 

the radius corresponds exactly to the standard devia- 

tion. Good congruence with the numerical results is 

achieved for a choice of ot = 1.3. 

This good congruence is not explained simply by 

a good choice of ~, because Eq. (19) was derived 

for the case of hyperspheres. Nevertheless it seems 

also to describe the functional form of or(d, n, r) for 

multiple Lorenz systems quite well. This encourages 

us to regard (19) as a useful model of statistical error 

in GPA for different kinds of multidimensional data 

sets. 

At higher radius the numerical results deviate from 

the model; the transition from local to global behaviour 
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sets in at lower radius values for multiple Lorenz sys- 

tems than for hyperspheres. 

For JA the log-log-plots of  2cr (r) also show approx- 

imately linear relationships, but again with a slightly 

larger negative slope than for GPA. As in the case of 

hyperspheres we model these curves by an empirical 

formula which serves only the purpose of  estimating 

the radius, where the statistical error reaches a thresh- 

old of 5%. 

5.3. Comparison between GPA and JA 

Now we apply GPA and JA to multiple Lorenz 

systems, corresponding to actual dimensions of 2.06, 

4.12, 6.18 and 8.24. Again, the number of  vectors is 
chosen so as to yield 106, 108 and 1010 interpoint dis- 

tances, giving 1414, 14 142 and 141 421 vectors. Un- 

like with hyperspheres, a new problem arises for this 

test: we know well that the individual vectors on the 

hypersphere surface are drawn independently from the 

same distribution (provided we trust in our pseudo- 

random number generator), but for the sampled vec- 

tors on the multiple Lorenz attractors this requirement 

is not trivially fulfilled. How do we know that these 

1414 vectors represent the same geometrical object in 

state space (or, to be more precise, the same invari- 

ant measure) as the 14 142 or the 141 421 vectors? We 

try to provide this property by keeping for all three 

numbers of vectors the total "physical" length of  the 

time series (measured in integration steps) constant; 

therefore the sampling time ts has to be chosen such 

that 
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Fig. 6. Correlation dimension estimate vs. radius for the ap- 
plication of  GPA (left panels) and JA (right panels) to multi- 
ple Lorenz attractors of  actual dimension 2.06, 4.12, 6.18 and 
8.24 (curves in ascending order); the data sets are formed by 
1414 vectors (upper panels), 14 142 vectors (middle panels) and 
141 421 vectors (lower panels); the dotted functions represent 
the approximate limit of  the regions, where the statistical errors 
rise above 5% (towards smaller radius values); note that the 
radius for JA has to be read as "upper limit of  radius interval 
for max-likelihood maximisation".  

ts - n = const., (25) 

where n denotes the number of  vectors. As the con- 

stant we choose Vc~ - 107 integration steps. This 

corresponds to ts = 316 integration steps for the case 
of  l01° interpoint distances, which is still sufficiently 

large to avoid problems from temporal correlations 

between vectors. 

The resulting curves dc(log r) are shown in Fig. 6. 

Again we note that for high dimension and small data 
set size frequently no obvious scaling region can be 

found. The results for GPA show clear scaling regions 
for nL = 1 (Ndist  = 106, 108 and 10 l°) and nL = 2 

(Ndist  : 1010). T h e  c u r v e s  f o r  nL  : 2, Ndist • 108 

and nL ----- 3, Ndist = l010 also show short scaling 

regions, which could be accepted, if we are somewhat 

indulgent with the conditions for detecting a scaling 

region. 
The curves for JA offer somewhat better results, but 

the improvement is not as striking as in the case of  hy- 

perspheres. Again the scaling regions tend to overesti- 

mate the dimension slightly. Some curves show clearer 
scaling regions than with GPA, especially nL = 2, 

Ndist = 108 and nL = 3, Ndist ~- 1010. For nL = 2, 
Ndist = 106 and nL = 3, Ndist = 10 s s h o r t  scaling 
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regions are visible, whereas GPA gives no clear re- 

sult for these cases. However, it is to be expected that 
already a small amount of noise would blur such short 
scaling regions. 

6. Discussion and conclusion 

For the case of GPA the numerical analysis of the 
statistical error of dc(r) has shown that this error can 

be described by approximately the same model for sys- 

tems as different as hyperspheres and multiple Lorenz 
systems. Therefore we conjecture that the limitation of 

scaling regions due to statistical fluctuations is rather 

independent of the particular system under investiga- 

tion. Nevertheless we found that for a given data set 

size markedly larger dimensions can be resolved for 
hyperspheres than for multiple Lorenz systems. To 

summarise briefly our results we on the basis of about 

140 000 vectors were able to resolve a dimension of 8 
for hyperspheres and of about 6 for multiple Lorenz 

systems. Since the behaviour of dc (r) at the lower limit 

of the scaling region is approximately the same, this 
difference must be an effect of the higher limit. 

The problem of the crossing from "large" to "small" 

radius has already been mentioned in Section 4.3. 
Clearly we cannot expect the model (5) to remain 

valid up to the largest interpoint distances. Almost 

any concept of dimension rests upon local neighbour- 

hoods. But there are no general quantitative proposi- 

tions about the question, how small a neighbourhood 
should be in order to be regarded as local. 

From Figs. 1 and 3 we see that for hyperspheres 

the curves dc(r) rise with a neat sweep to their limit 
value. The hyperspheres are objects of simple geome- 
tric structure and highest possible symmetry and ho- 

mogeneity, and we would be surprised to find a more 
complicated behaviour from such simple systems. On 

the other hand, for the multiple Lorenz systems we see 

in Figs. 4 and 6 instead of a neat sweep a rather slow 
rise towards the limit value which seems roughly to be 

described by two linear regions separated by a slight 
kink. This more complicated behaviour corresponds 
to the low symmetry and homogeneity which charac- 
terise the Lorenz system. The low symmetry is ap- 

parent from the well-known appearance of the simple 

Lorenz attractor: it consists of two "ears" or "wings", 
which are locally nearly two-dimensional, and the cen- 
tral region, where a high probability is given that the 

trajectory will change over from one to the other ear. 

Consequently these attractors are highly inhomoge- 
neous as geometric objects and show a large spread 

of local scaling behaviour. Obviously this low sym- 

metry results in more stringent conditions for the size 

of neighbourhoods that are to be regarded as local; 
therefore we obtain for the same data set size shorter 

scaling regions as with hyperspheres, or even no scal- 

ing region at all, if the upper limit of potential scaling 

regions falls into the region of statistical fluctuations. 
This result supports a remark by Cutler [25]: She 

remarks that "the efforts toward determining the sam- 

ple size necessary to observe a scaling region in r 
may only really be applicable to measures which scale 
on levels very much like D-dimensional Lebesgue- 

measures". But fractal objects may show correct 

scaling only for very small values of r, thereby sig- 
nificantly increasing the required amount of data. 

The issue of data set size cannot be solved by one 
universal formula which is valid for all systems. 

As already mentioned, Gershenfeld [10] has 

successfully resolved the dimension of a 12-torus by 

applying GPA to a set of Ndist = l 0  8 interpoint dis- 
tances. Though this result cannot be predicted from 

our results on hyperspheres, the approximate order 

of magnitude of Ndist for this very high dimension 
becomes conceivable considering that a torus is also 

an object of high symmetry and integer dimension. 
The basic problems of N-toil as calibration systems 

have been mentioned in Section 3. 
The comparison between GPA and JA has shown 

that, depending on the system to be investigated, the 

ability of JA to resolve correctly high dimensions is at 
least slightly higher than of GPA; for hyperspheres JA 

seems to be vastly superior to GPA, resolving d c =  14 
from 10 l° distances, where GPA at the most resolves 
only d c =  8. This superiority is due to the refined 
model (8). For multiple Lorenz systems the advantage 
of JA is less pronounced, though still visible. 

The disadvantages of JA as compared to GPA 

are mainly the loss of scale-dependent dimension 
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information (which may be desirable for certain sys- 

tems, such as N-tori) and the need for a numerical 

maximisation, which causes higher CPU time require- 

ments and possibly numerical problems due to failure 

of the maximisation. 

Altogether it has been shown in this paper that frac- 

tal dimensions of the order of 6 can correctly be re- 

solved on the basis of about 105 vectors. This result 

disproves the pessimistic views which argued that no 

fractal dimension beyond 3 could be resolved on the 

basis of reasonable data set sizes [14]. 

As has been stated before, the problem becomes 

considerably more complex, if only one time series 

can be measured. State space reconstruction by the 

method of delays usually causes severe distortions of 

the attractor as compared to the true state space, which 

in the regime of high dimensions may result in un- 

derestimation of the dimension or in complete failure 

of the dimension analysis. One well-known estimation 

of a rather high dimension based on a time-delay em- 

bedding was presented by Grassberger and Procaccia 

in one of their original papers [4]: They estimated the 

correlation dimension of the attractor of the Mackey- 

Glass differential delay equation at a time delay of 100 

(for technical details see [4] or [16]) to be 7.5 ± 0.15; 

25 000 vectors were used, corresponding to gdist : 

3.125- 108. This result seems at least conceivable, re- 

garding the results of the present paper, though the er- 

ror estimate is probably too optimistic. Later the same 

problem was studied by Ding et al. [16], who claimed 

to resolve the same dimension even with much fewer 

vectors. We remark, however, that the Mackey-Glass 

attractor is not suited for our approach to calibration, 

since it is impossible to work in the true state space, 

which for a differential delay equation in fact is in- 

finite dimensional. Therefore we do not comment on 

these results here and defer the issue of the calibration 

of dimension estimation from time-delay reconstruc- 

tions to a future paper. 
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