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1. Introduction

Functional magnetic resonance imaging (FMRI) provides temporally and spatially
resolved information regarding the blood oxygen level dependent (BOLD) signals
of neural tissue, thereby offering a valuable approach to the study of information
processing in the human brain [1]. FMRI data consists of multivariate time series
of very high dimension, as given by the number of voxels (typically 104 − 105), and
limited length, as given by the number of brain scans (typically a few hundred).

Analysis of FMRI time series by the rigorous methodology that has been devel-
oped in statistical time series analysis is challenging due to high data dimensions. The
methods for FMRI analysis that have become a quasi-standard so far, such as voxel-
wise regression models [2–4], have been designed mostly by heuristic procedures, in
an attempt to reach a compromise between prior physiological knowledge, properties
of the available data and computational time demands. With gradual progress in the
development of both methodology and computational power, it has become possible to
design refined algorithms that aim at extracting more dynamic information from the
data, while imposing less heuristic assumptions and constraints.

Statistical analysis of data always has to address the issue of optimal merging of
the information contained in the data with well-established information. In a perfect
world, no prior information would be required, and all relevant information could be
extracted, or reproduced, from the data. In practice, this is rarely practicable, and
constraints have to be imposed, based on experience. The danger of these constraints
lies with the risk of circular reasoning. The constraints and other details of the design
of the analysis procedures design are modified until the previous expectations are
“confirmed” by the results of the analysis. Recently, the danger of “circularity bias”
in neuroscience has begun to attract increased attention [5].

In this paper, we extend earlier work on modeling FMRI time series by autore-
gressive models [6], thereby employing a class of predictive models which are well-
established in statistical time series analysis. Particular emphasis is put on the
estimation of model parameters by the maximum-likelihood method [7].

In most cases, a time-dependent stimulus is present during acquisition of the
FMRI data. This is ensured either by asking the subject to perform a specific task,
or by applying sensory input. This time-dependent stimulation is represented by
a stimulus function, that can be used as a known external input of the predictive
model fitted to the data. The stimulus function contains the timing, and possibly, the
intensity of the applied stimulus. The analysis then aims at estimating brain areas
that show the strongest activation to the stimulus. For this purpose, it is necessary
to employ a model of the response function of the BOLD signal with respect to
stimulation; again, this function can be imposed as prior knowledge, or estimated
from the data. In this paper, we will demonstrate how such an estimation can be
performed within a maximum-likelihood framework.

When estimating activated brain areas by voxel-wise regression models, spatial
smoothing of the data has become a commonly applied preprocessing step. The
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amount of spatial smoothing is usually selected according to established tradition.
Spatial smoothing represents an instantaneous linear transformation that may be
interpreted as playing a specific role within the autoregressive modeling framework.
The same is also true for the Laplacian transformation, an instantaneous linear
transformation that forms an important element within autoregressive modeling of
FMRI data. We will demonstrate how both transformations can be simultaneously
applied and optimized within the maximum-likelihood framework.

2. FMRI Modeling

2.1. FMRI modeling by the general linear model

Let y(t, v) denote the FMRI data at voxel v, where v = 1, . . . , Nv, and time point
t ∆t, where t = 1, . . . , Nt; ∆t denotes the sampling time of the data (usually denoted
as “TR”). Let s(t) denote the stimulus function at time point t ∆t.

We assume that certain basic preprocessing of the raw data has taken place,
such as motion correction. Time slice correction may be performed, although it is
not essential. For standard analysis, spatial smoothing is commonly applied; we will
discuss this step later in greater detail.

A well-established standard procedure consists of analyzing FMRI time series by
fitting a general linear model (GLM) given by

y(t, v) = θ(v)
τmax∑
τ=0

h(τ ∆t)s(t − τ ∆t) + ε(t, v), (1)

where h(t ∆t) denotes the stimulus response function, i.e., the haemodynamic
response function (HRF), ε(t, v) denotes a voxel-dependent residual noise compo-
nent, and θ(v) denotes a voxel-dependent least-squares-fit regression coefficient. Note
that the regression model given by Eq. (1) may contain further terms, such as a con-
stant regressor or motion-related regressors, which have been omitted for simplicity.
The summation index τ denotes the time points of previous measurements, rela-
tive to the current time t and is expressed as multiples of the sampling time ∆t.
The least-squares-fit coefficients θ(v) can be estimated by standard least-squares
regression techniques.

A typical choice for the HRF is given by a “gamma”-type function [8]

h(t ∆t) =
(

t ∆t

δ

)γ

exp(−λ(t ∆t − δ)), (2)

where δ = γ/λ represents the time delay of the peak of the stimulus response, or by
a difference of two such functions [9],

h(t ∆t) =
(

t ∆t

δ1

)γ1

exp(−λ1(t ∆t − δ1)) − k

(
t ∆t

δ2

)γ2

exp(−λ2(t ∆t − δ2)). (3)

Typical values for the parameters are γ1 = 6, γ2 = 16, λ1 = λ2 = 1, k = 1/6;
these values are used in the SPM8 software [2]. Note that for a difference of two
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“gamma”-functions, the parameters δ1 and δ2 will not precisely describe the time
delays of the peaks, as the superposition of these two functions will shift the peaks;
in extreme cases the negative peak may be completely suppressed.

In many cases, the model given by Eq. (1) may be unable to account for all
temporal correlations present in the data. Consequently the residual noise term
ε(t, v) will have a non-white power spectrum. In order to describe and remove this
residual correlation, further steps may be added to the modeling approach, such as
whitening of ε(t, v) by an additional autoregressive model [10,11].

2.2. Multivariate AR/ARX models

Linear autoregressive (AR) models represent a class of predictive parametric mod-
els which are widely applied to time series modeling [12]. In the previous section,
we have briefly mentioned the possibility of using an AR model for whitening the
residual noise term of voxel-wise fitting a GLM. As an alternative, we may, for a
moment, ignore the standard HRF and try to directly describe all temporal corre-
lations contained in a given FMRI time series by a suitable AR model.

If an AR model is formulated for the complete data vector of all voxels at a given
point of time, y(t) = (y(t, 1), . . . , y(t,Nv))†, we would obtain a multivariate ARX
model (where the “X” represents the exogeneous input term):

y(t) =
p∑

τ=1

A(τ)y(t − τ) +
q∑

τ=1

Bs(τ)s(t − τ) + η(t), (4)

where p and q denote positive integer model orders, A(τ) denotes a set (Nv × Nv)-
dimensional AR parameter matrices, Bs(τ) denotes a set Nv-dimensional input
gain parameter vectors, and η(t) denotes a Nv-dimensional vector of driving noise,
assumed to be white and distributed according to a multivariate Gaussian distribu-
tion with zero mean and (Nv × Nv)-dimensional covariance matrix Sη.

Equation (4) describes a dynamical model which is driven by two input signals,
s(t) and η(t). The model is an autoregressive model of order p with respect to the
driving noise input η(t), to be denoted as AR(p), and an autoregressive moving-
average model of orders p, q with respect to the stimulus input s(t), to be denoted
as ARMA(p, q); for the latter model, a constraint Bs(0) = 0 is required.

We remark that it would also be possible to generalize the model such that it
would become an ARMA model with respect to the driving noise input, such that
Eq. (4) would become

y(t) =
p∑

τ=1

A(τ)y(t − τ) +
qs∑

τ=1

Bs(τ)s(t − τ) +
qη∑

τ=0

Bη(τ)η(t − τ). (5)

Here, a constraint Bη(0) = 1 is required. While the model of Eq. (4) can be con-
veniently estimated by least-squares regression, this is impossible for Eq. (5), since
the regressors η(t − τ) are unknown; the standard way to estimate moving-average
models for unknown regressors employs state space modeling and Kalman filtering,
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within some numerical parameter estimation procedure. We will discuss this point
further in Sec. 5.3.

In the model of Eq. (4) the off-diagonal elements of the covariance matrix of
the driving noise, Sη, describe instantaneous correlations between pairs of voxels,
i.e., spatial correlations, while the off-diagonal elements of the AR parameter matri-
ces A(τ), τ = 1, . . . , p, describe delayed correlations between pairs of voxels, i.e.,
spatiotemporal correlations. The diagonal elements of Sη and A(τ) describe instan-
taneous and delayed correlations, respectively, locally at each voxel. Note that, this
model formally aims at explicitly modeling the interaction between every pair of
voxels, while in the GLM there is no such possibility, rather the data at each voxel
is modeled independently of the remaining voxels.

In reality due to the large number of voxels Nv, fitting the model of Eq. (4) to
real FMRI data is impracticable, as the number of model parameters would exceed
the number of available data values. It is for this reason that the NNARX model
has been introduced. Further details of the NNARX model will be reviewed in the
next section.

2.3. Nearest-neighbor autoregressive modeling

If the number of model parameters of the model of Eq. (4) is to be reduced, the huge
parameter matrices A(τ) and Sη should be made sparse. Sparseness may be enforced
by an explicit model constraint; as an example, only pairs of voxels which are direct
spatial neighbors within the grid of voxels, may interact via the matrices A(τ), while
all other elements of the A(τ) are set to zero. It is reasonable to assume that the
neighboring voxels will contain useful information for predicting the future activity
of a given voxel. This model is known as the Nearest-Neighbor Autoregressive model
with exogeneous input (NNARX) [6].

We remark that the sparseness of A(τ) and Sη can also be enforced with-
out imposing an explicit nearest-neighbor assumption, such that a subset of non-
neighbor voxel-voxel interactions is retained instead. Suitable algorithms for this
purpose have recently been developed by Valdés-Sosa and coworkers [13, 14]; these
algorithms are based on incorporating sparseness constraints into the least-squares
regression step, within a Bayesian framework. They offer the benefit of identify-
ing important non-neighbor voxel-voxel interactions directly from the data. We will
briefly return to this generalization in Sec. 8.

At the level of an individual voxel, the local model corresponding to the global
NNARX model is given by

y(t, v) =
pd∑

τ=1

a(τ, v, v) y(t − τ, v) +
∑

w∈N (v)

pn∑
τ=1

a(τ, v, w) y(t − τ, w)

+
q∑

τ=1

bs(τ, v) s(t − τ) + η(t, v), (6)
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where N (v) denotes the set of labels of those voxels which are neighbors of voxel v.
In Eq. (6) we allow for different AR model orders of the “diagonal” term (first term
on the right-hand side) and of the neighborhood term (second term), denoted by
pd and pn; for convenience, we shall stipulate that pd ≥ pn. The set of AR param-
eters a(τ, v, w) represents the non-zero elements of the sparse global AR parameter
matrices A(τ).

With respect to the parameters a(τ, v, v), a(τ, v, w) and bs(τ, v), the set of voxel-
wise models of Eq. (6) can be fitted to a given FMRI time series very efficiently
by the standard least-squares regression approach. However, the elements of the
covariance matrix Sη pose a problem, which will be addressed in the next section.

3. Instantaneous Transformations

3.1. Spatial whitening and Laplacian transformation

By decomposing the high-dimensional multivariate AR model of Eq. (4) into a set
of univariate models, as given by Eq. (6), it is implicitly assumed that Sη was
diagonal. This may be an unrealistic assumption for FMRI time series data, given
its low sampling rate; however, estimating all off-diagonal elements of Sη would
massively increase the number of model parameters again and, in addition, render
the decomposition into univariate local models and thereby the use of fast regression
methods impossible.

As a suggested solution, an instantaneous linear transformation can be applied
to the data prior to modeling [6, 15,16]:

ỹ(t) = Ly(t), (7)

where L denotes a Laplacian matrix, i.e., a discretization of a second-order spatial
derivative operator. For a given voxel set with neighborhood structure given by a set
of neighbor label sets N (v), v = 1, . . . , Nv, the Laplacian matrix is defined as [17]

L = INv + cN. (8)

Here INv denotes the Nv-dimensional identity matrix, and N denotes a (Nv × Nv)-
dimensional matrix having Nvw = 1 if w ∈ N (v), v �= w, and 0 otherwise. For the
parameter c a value of −1/6 would be expected; alternatively c may be treated as a
model parameter to be estimated by maximum-likelihood estimation. For c = 0 the
case without the Laplacian transformation is retrieved.

Note that L is a sparse matrix; in fact, the non-zero elements of L occupy the
same positions as the non-zero elements of the AR parameter matrices A(τ).

The Laplacian transformation serves the purpose of removing instantaneous cor-
relations between neighboring voxels, therefore it is known as spatial whitening. After
the Laplacian matrix has been created, it is multiplied once with each data vector
y(t) and the resulting transformed vectors ỹ(t) are modeled by the NNARX model,
as described above.
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Spatial whitening approximately corresponds to assuming a particular non-
diagonal shape for the driving noise covariance matrix [15,16]

Sη(y) = L−1Sη(ỹ)(L−1)†, (9)

where Sη(ỹ) denotes a diagonal covariance matrix which is introduced for the pur-
pose of describing the covariance structure of the driving noise corresponding to
the transformed data. We emphasize that diagonality of this covariance matrix is
primarily not an assumption or approximation, but a model design decision. The
diagonal elements of Sη(ỹ) shall be denoted by σ2

η(ỹ(v)), v = 1, . . . , Nv. A detailed
discussion of the spatial whitening approach to modeling a non-diagonal covariance
matrix can be found in [16].

A graphical visualization of the Laplacian transformation is shown in the left
panel of Fig. 1.

3.2. Spatial smoothing transformation

As previously mentioned in Sec. 2.1, a spatial smoothing transformation is commonly
applied before fitting the GLM. This transformation serves the purpose of improving
the signal-to-noise ratio. Furthermore, it plays a role within the theory of Gaussian
random fields, which is applied to the GLM. Spatial smoothing corresponds again to
an instantaneous linear transformation, as given by Eq. (7), but with a smoothing
matrix M instead of the Laplacian matrix L. If smoothing is performed by a Gaussian
kernel, the elements of M are given by

Mvw = exp
(
−d(v,w)2

2σ2
m

)
, (10)

where d(v,w) denotes the Euclidean distance between voxels v and w. This smooth-
ing matrix depends on the variance parameter σ2

m; for larger values we have strong
smoothing, while for σ2

m → 0 the case without the smoothing transformation is
retrieved. As with L, all elements on the diagonal of M are ones.

Fig. 1. Graphical visualization of the Laplacian transformation (left panel), the spatial smoothing
transformation (center panel) and the joint spatial smoothing and Laplacian transformation (right
panel) for the case of a 1-dimensional chain of voxels; parameters are c = −0.5 and σ2

m = 3.0.



December 14, 2010 14:14 WSPC/S0219-6352 179-JIN 00249

436 Galka et al.

According to Eq. (10), the smoothing matrix M is not a sparse matrix as all
elements are positive. In practical work, it is convenient to define a threshold, such
that elements smaller than this threshold are replaced by zero. In this paper we use
a threshold of 10−4; for suitably small values of σ2

m the smoothing matrix will then
be sparse, although the number of its non-zero elements will typically be larger than
that of the Laplacian matrix.

A graphical visualization of the spatial smoothing transformation is shown in
the center panel of Fig. 1.

3.3. Joint smoothing and Laplacian transformation

Smoothing is commonly regarded as a preprocessing step, while the Laplacian trans-
formation forms part of the data modeling procedure, as previously discussed; there-
fore, these two transformations may be regarded as mutually non-interfering steps
that can peacefully coexist. This was the position of the earlier work on NNARX
modeling [6], where the smoothing transformation was hardly mentioned.

On the other hand, it is obvious that these two transformations pursue con-
trarious aims: The Laplacian sharpens differences between neighboring voxels by
performing a differentiation step, while the smoothing matrix represents an inte-
gration step by averaging over local neighborhoods within the data. Therefore it is
possible to choose parameters c and σ2

m such that these two transformations almost
cancel out. However, for somewhat larger variance, the Laplacian cannot cancel out
the action of the smoothing matrix, since it is confined to the nearest neighbors,
while the smoothing matrix reaches further out into space. In this case, the two
transformations do not cancel one another, but rather superimpose and form a new
transformation, which in the field of image processing is known as the “Laplacian-
of-Gaussian” operator, or as the Hildreth-Marr operator.

Within the framework of NNARX modeling, we may interpret this combined
transformation as a modified model for the non-diagonal driving noise covariance
matrix Sη, which now contains two parameters, c and σ2

m, instead of just one, c.
A graphical visualization of the joint smoothing and Laplacian transformation

is shown in the right panel of Fig. 1. The figure demonstrates the superimposition
of the properties of the Laplacian and smoothing transformations to form a joint
transformation.

4. Describing the HRF within an Autoregressive Model

The standard HRF of Eq. (3) can be reproduced with an appropriate ARMA model.
A specific advantage of ARMA models, as compared to AR models, is their abil-
ity to describe almost any impulse response behavior using a model with finite
model orders p and q. The HRF represents the impulse response behavior of the
BOLD signal with respect to the stimulus input s(t). By applying a suitable esti-
mation procedure to the HRF, such as the iterative method proposed by Steiglitz
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and McBride [18], the corresponding sets of AR parameters a(τ), τ = 1, . . . , p, and
of MA parameters bs(τ), τ = 1, . . . , p − 1, can be estimated.

The resulting model can then be employed at each brain voxel of a given voxel
set; consequently, the local voxel-wise NNARX models will not differ as they all
refer to the same global HRF. For this reason we denote the AR/MA parameters by
a(τ) and bs(τ) instead of a(τ, v, w) and bs(τ, v). Nearest-neighbor AR parameters
a(τ, v, w), v �= w, are set to zero for this model. The corresponding ARMA model
provides a prediction for each voxel and time point, given the stimulus function and
the previous data at this voxel. The time series of these predictions can be used as a
regressor within a linear regression step; the result is a regression parameter at each
voxel, which directly corresponds to the parameter θ(v) in the GLM, see Eq. (1).
This particular voxel-wise AR model shall be denoted as HRF-ARX.

We will now demonstrate the practical modeling of the HRF using an ARMA
model. We select the standard parameter values for Eq. (3); the resulting continuous
function is shown in Fig. 2 (solid line). We assume a sampling time of 2.5 seconds
and choose an AR model order of p = 10 and an MA model order of q = 9. Choosing
model orders that fulfill q = p−1 offers advantages for the practical implementation.
Application of the Steiglitz and McBride method yields the AR/MA parameters
shown in the smaller inset of Fig. 2. Note the semilogarithmic plot and the different

Fig. 2. Haemodynamic response function (HRF) for standard SPM8 parameters (solid line) and
corresponding ARMA(10,9) impulse response function (circles); smaller picture: semilogarithmic
plot of AR parameters (“+” and “◦” symbols) and MA parameters (“×” and “�” symbols) of
the ARMA(10,9) model; “+” and “×” symbols represent positive parameters, while “◦” and “�”
symbols represent negative parameters.
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symbols used for positive and negative parameters. The ARMA model defined by
these parameters corresponds to the discrete impulse response function shown in the
main panel of the figure by circles. Note that the response function is only defined at
these circles. From the figure, it can be observed that the discrete impulse response
function of the ARMA(10,9) model fits the continuous HRF very well.

5. The Framework for Model Fitting and Comparison

5.1. The log-likelihood of NNARX models with instantaneous

linear transformations

The models discussed thus far are characterized by several sets of parameters; values
for these parameters may be chosen from prior knowledge, or preferably from a
statistical criterion applied to the data. Here we choose the well-known criterion of
maximizing the logarithmic likelihood, abbreviated as log-likelihood and denoted by
log L. Let νy(t, v) denote the data prediction errors of the model at voxel v and time t;
these prediction errors are also known as innovations [19]. If a Gaussian distribution
is assumed for the distribution of the innovations, then for NNARX (and also other
models fitted by least-squares regression), the log-likelihood is given by

log L(y(1), . . . ,y(Nt)) = −Nt

2

Nv∑
v=1

(
log σ2

y(v) + 1 + log 2π
)

+ Nt log |L(c)| + Nt log
∣∣M(σ2

m)
∣∣, (11)

where σ2
y(v) denotes an estimate of the voxel-wise innovation variance, given by

σ2
y(v) =

1
Nt − 1

Nt∑
t=1

ν2
y (t, v). (12)

Equation (11) also contains a correction with respect to the instantaneous linear
transformations introduced above, represented by the Laplacian matrix L(c) and
the smoothing matrix M(σ2

m). It follows from the theory of probabilities that this
correction is given by adding, at each time point, the logarithm of the determinant
of each of these matrices. With this correction term, the log-likelihood explicitly
depends on the parameters c and σ2

m (note that also the innovations νy(t, v) implic-
itly depend on these parameters).

Since both L(c) and M(σ2
m) are large matrices — a typical dimension would be

35,000× 35,000, corresponding to a 3 mm-grid of voxels — computing these log-
determinants poses numerical challenges. If the Cholesky decomposition or at least
the LU decomposition can be computed, they provide convenient solutions; if not,
subpartitioning of the matrices should be applied, such that the sparse structure
can be exploited. Furthermore, we have found that applying approximate minimum
degree ordering [20] to these matrices considerably reduces computation time.
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For practical optimization of the log-likelihood, we recommend replacing the
computation of the full log-determinant by a parametrization of the functions which
map the model parameters, i.e., c or σ2

m, to the log-determinants. In the case of the
Laplacian, this function turns out to be given by a power law:

log |L(c)| = α cβ , (13)

where α and β are parameters that depend on the given FMRI data set and the
chosen set of active voxels. By computing log |L(c)| for several values of c by the
above-mentioned techniques, α and β can be easily estimated.

In the case of the smoothing matrix, we have not found an analytic form for the
dependence of log |M| on σ2

m. Thus, we have resorted to employing interpolation and
extrapolation by cubic splines to a set of explicitly computed values. Note that the
thresholded smoothing matrix M could formally be described as the weighted sum of
several “higher-order” Laplacian matrices, such that the first Laplacian matrix refers
to the set of nearest neighbors, the second to the set of second-nearest neighbors, and
so on. For each of these matrices, there would be a power law for the dependence of its
log-determinant on the smoothing parameter. Unfortunately, there exists no simple
relationship between the determinants of a set of matrices and the determinant of
the sum of these matrices. Therefore we see little hope for finding an analytical
expression for the case of the smoothing matrix.

5.2. Overfitting control

It is well known that the maximum-likelihood method itself will always favor larger
models over smaller as it only evaluates the variance of the innovations. As a compro-
mise between the accuracy of the predictions and the size of the model, information
criteria can be introduced, such as the Akaike Information Criterion (AIC) [21, 22]
which is defined by

AIC = −2 log L(y(1), . . . ,y(Nt)) + 2Npar
Nt

Nt − Npar − 1
, (14)

where Npar denotes the total number of model parameters. The maximum-likelihood
method is then replaced by a corresponding minimum-AIC method. AIC was derived
as an unbiased variant of the log-likelihood (multiplied by −2) [21].

We remark that the definition given here for AIC differs from the commonly
used definition by the fraction Nt/(Nt −Npar −1) which was derived as a correction
for the case of short time series [23]; it is omitted in most applications, but we have
found that for the case of FMRI time series this correction is necessary, as will be
demonstrated below.

For a complete FMRI time series, the value of AIC has a tendency to be quite
large, therefore, in this paper we will always report the average voxel-wise AIC, i.e.,
AIC/Nv.

Note that the AIC, either in its corrected or in its standard form, represents
only one particular example selected from numerous information criteria that have
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been proposed for the purpose of overfitting control. A well-known alternative to
AIC is the Bayesian Information Criterion (BIC), also known as Schwarz Informa-
tion Criterion, which imposes a stronger penalty for model complexity than AIC.
Another alternative is given by “free energy” [24] which has recently attracted con-
siderable attention. In this paper we refrain from a detailed comparison of these
criteria, but we should mention that certain conclusions with respect to the rel-
ative performance of given models may depend on the choice of the information
criterion.

For the NNARX model discussed in Sec. 2.3, the number of model parameters
is given by

Npar = pdNv + 〈k〉pnNv + qNv + Nv + 2, (15)

where 〈k〉 denotes the average number of neighbors of a voxel; 〈k〉 will be smaller
than 6. The five terms of this expression correspond to the following five groups of
parameters:

a(τ, v, v)

a(τ, v, w), v �= w

bs(τ, v)

σ2
η(ỹ(v))

{c, σ2
m}.

For the HRF-ARX model discussed in Sec. 4, the number of model parameters
differs, even if the model orders p and q are the same as that in the NNARX model;
this results from the fact that all AR/MA parameters are determined by the HRF.
For this case, Npar is given by

Npar = Nv + Nv + 2 + 5. (16)

The four terms of this expression correspond to the following four groups of
parameters:

θ(v)

σ2
η(ỹ(v))

{c, σ2
m}

{γ1, γ2, λ1, λ2, k}.
Note that the global parameters of the HRF have replaced the sets of local AR/MA
parameters.

5.3. Practical model fitting

Most of the parameters of NNARX and HRF-ARX models, as listed in the previous
subsection, can be fitted by voxel-wise standard least-squares regression. However,
this is not possible for the global parameters, i.e., the Laplacian parameter c, the
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smoothing parameter σ2
m and the HRF parameters γ1, γ2, λ1, λ2, k. On the contrary,

estimates for the global parameters need to be given, before least-squares regression
can be performed. For this reason, algorithms for numerical optimization need to
be applied.

We have chosen to employ the BFGS quasi-Newton algorithm [25] and the
Nelder-Mead simplex algorithm [26], both of which are very well established in the
field of numerical optimization. For any given set of values for the global parame-
ters, the corresponding instantaneous transformations are applied to the data; for the
HRF-ARX model, the HRF also is computed and the corresponding ARMA parame-
ters are estimated by the Steiglitz-McBride method. The voxel-wise standard least-
squares regression step is then performed for the appropriately transformed data
and recomputed regressors; from the resulting innovations, a log-likelihood and an
AIC value can be computed.

The numerical optimization algorithms receive this AIC value and try to find
estimates for the global parameters that minimize the AIC; they are unaware of
the voxel-wise least-squares regression step which continues to recompute all local
model parameters for each new set of the global parameters. For the HRF-ARX
model, the Steiglitz-McBride iteration is repeated for each new set of the global
HRF parameters, as part of the computation of a new AIC value. In this way,
the number of parameters to be estimated by numerical optimization is kept to a
minimum.

The numerical optimization consists of several steps, some of which aim at opti-
mizing only a subset of the global parameters, e.g., only c, σ2

m or only γ1, γ2, λ1, λ2, k,
while others aim at jointly optimizing the complete set. The BFGS quasi-Newton
and Nelder-Mead simplex algorithms are used alternatingly; sometimes, the sim-
plex algorithm succeeds in cases where the quasi-Newton algorithm fails, due to
numerical problems.

In Sec. 2.2 we had briefly mentioned the option of introducing moving-average
(MA) terms with respect to the driving noise term η(t), compare Eq. (5). In contrast
to AR and stimulus gain parameters, it is not possible to estimate MA parameters
by least-squares regression; instead numerical optimization would be required, such
as the method proposed by Melard [27]. Since these parameters would remain local
parameters, their estimation cannot be merged with the estimation of the global
parameters by numerical optimization; on the contrary, the estimation of the MA
parameters would have to be repeated for all voxels, each time a new set of the
global parameters is evaluated. For this reason, we expect that such a procedure
would be very time-consuming.

In addition to sparseness constraints, Valdés-Sosa and coworkers [13, 14] have
also applied smoothness constraints to the spatial maps of estimated AR parameters,
again by incorporating them into the least-squares regression step, within a Bayesian
framework. In this paper we have refrained from imposing such constraints, but we
would like to mention its possibility.
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6. Estimation of Activated Voxels

Within the framework of the GLM, t-test maps are usually employed for the esti-
mation of the brain areas that show the strongest activation with respect to the
stimulus. A similar approach can be designed, in the spirit of likelihood ratio testing
(LRT) [28], within the maximum-likelihood, or minimum-AIC, approach. For this
purpose, the voxel-wise contributions to the log-likelihood, or the AIC, are com-
pared for two models, first the full model, including the stimulus as an external
input term, second the same model, but without the stimulus input. In practical
work, the second model can be fitted using the same routine as used for the first,
with the exception of replacing the stimulus function with zeros, to ensure that it
does not contribute to the predictions. NNARX and HRF-ARX model parameters
are refitted by voxel-wise standard least-squares regression, while parameters of the
instantaneous transformations and the HRF are kept at their optimal values within
the full model.

The voxel-wise log-likelihood is essentially given by the expression log σ2
y(v) in

Eq. (11). The innovation variance σ2
y(v) will be smallest for the full model. If the

stimulus input contributes nothing to improving the predictions, σ2
y(v) will have

near similar values for both models. A useful LRT-type statistic is then given by

D(v) = Nt(log σ2
y(v; (model without stimulus)) − log σ2

y(v; (full model))). (17)

This statistic corresponds to a difference of AIC values, but without corrections with
respect to the number of model parameters. In order to estimate the set of voxels
with the strongest activation, a threshold may be directly defined, or indirectly by
choosing a fraction of voxels to be selected; by the latter approach constant offsets
of D(v), due to the number of model parameters, have no effect.

Alternatively, it is also possible to directly compute t-test maps for the stimulus
gain parameters b(τ, v), since these parameters are obtained by the same least-
squares regression step as the GLM regression coefficients. It turns out that maps
of activated voxels resulting from this approach are very similar to those resulting
from the difference of AIC values.

7. A Practical Example: Motor-Task Data

In order to demonstrate the practical application of the models discussed above, we
will now fit these models to a single FMRI time series.

7.1. Experimental setup and preprocessing

The chosen data set was recorded from a 38-year-old healthy male in the awake
state, performing a block-design finger-tapping task; block length was 60 seconds
task and 60 seconds rest.
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FMRI was performed with a 3-Tesla MR scanner (Philips Achieva, Philips,
Best, The Netherlands) and a standard 8-channel SENSE head coil. A single-
shot T2*-weighted gradient-echo planar imaging sequence was used (sampling time
∆t = 2500ms, TE = 45ms, 30 slices, 64 × 64 matrix, slice thickness = 3.5mm,
FOV = 200mm, flip angle = 90o). Nt = 500 brain volumes were acquired during
the experiment.

Preprocessing of the FMRI time series was done by motion correction and by
removing slow activity at each voxel by fitting a cosine basis set, using SPM8 for
both tasks; no time slice alignment was performed. In order to remove weak-signal
voxels (assumed to lie outside of gray matter) from the analysis, a suitable threshold
for the local variance was defined by inspection of the distribution of variances of
the local time series of the original 64 × 64 × 30 voxels. The number of voxels with
variance above the chosen threshold was Nv = 36,468.

7.2. Modeling of data

We compare the following models and sets of models:

(a) NNARX(p, 1) with p = 1, . . . , 20;
non-optimized values for the parameters of the instantaneous transformations:
c = −1/6, σ2

m = 2.0; smoothing may be omitted by choosing σ2
m = 0.0

(b) NNARX(p, 1) with p = 1, . . . , 20;
optimized values for the parameters c and σ2

m (see below)
(c) NNARX(p, p − 1) with p = 1, . . . , 20;

non-optimized values c = −1/6, σ2
m = 2.0

(d) NNARX(p, p − 1) with p = 1, . . . , 20;
optimized values for c and σ2

m (see below)
(e) HRF-ARX(10, 9);

non-optimized values c = −1/6, σ2
m = 2.0; smoothing may be omitted by choos-

ing σ2
m = 0.0; HRF parameters are chosen at their SPM8 values, i.e., at non-

optimized values
(f) HRF-ARX(10, 9);

optimized values for c and the HRF parameters (see below), but σ2
m = 2.0 is

fixed
(g) HRF-ARX(10, 9);

optimized values for c, σ2
m and the HRF parameters (see below)

7.3. Results of modeling: NNARX

Results for the sets of models labeled (a), (b), (c) and (d) are displayed in Fig. 3:
Values of AIC are shown versus model order p. We should mention that, due to the
long sampling time of FMRI, we would expect the minimum of AIC to occur at
rather small model orders. The figure shows both AIC values including the small-
sample correction, as given by Eq. (14), and AIC values without this correction,
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Fig. 3. Corrected AIC (solid lines and circles) and uncorrected AIC (dashed lines and squares)
versus AR model order p for NNARX(p,1) models (upper panels) and NNARX(p,p − 1) models
(lower panels), using optimized (left panels) and non-optimized (right panels) values for the param-
eters of the instantaneous transformations c and σ2

m. Labels (a)–(d) refer to the list of models in
the text.

i.e., without the factor Nt/(Nt − Npar − 1). It can be seen that, for all four sets
of models, the uncorrected AIC reaches the smallest values for the highest model
orders, in contradiction to the expected behavior, while for sets (b), (c) and (d) the
corrected AIC reaches its minimum at a model order of p = 3 and rises again for
larger model orders. From this result, we conclude that the corrected AIC should
be employed for this application, as it was also done in [6].

However, for set (a), i.e., the case of NNARX(p, 1) models with non-optimized
values for the parameters of the instantaneous transformations, even the corrected
AIC drops to smaller values for p = 20 than for p = 3. Also for the optimized
case (b), the corrected AIC rises only weakly at p > 3, probably indicating the
presence of considerable long-delay correlations within the data. Using a criterion
with a stronger penalty for model complexity, such as BIC, would yield a minimum
at p = 3 for all cases.

Optimized estimates for c and σ2
m show very weak dependence on model order p.

Thus, results shown in Fig. 3 were obtained using values of c and σ2
m which were

optimal for p = 3. The corresponding estimates for p = 3 and p = 10 are given



December 14, 2010 14:14 WSPC/S0219-6352 179-JIN 00249

Optimal HRF and Smoothing Parameters for FMRI Time Series 445

in Table 1, which provides a comparison of voxel-wise AIC results and optimized
parameter estimates for NNARX and HRF-ARX models.

7.4. Results of modeling: Instantaneous transformations

In Table 1, results for the voxel-wise AIC are compared for the case of “strong”
smoothing, with a variance parameter of σ2

m = 2.0, the case of optimal smoothing,
according to the minimum-AIC criterion, and the case of no smoothing, σ2

m =
0.0. “Strong” smoothing corresponds to the amount of spatial smoothing that is
commonly applied as part of preprocessing.

When comparing the AIC values, it is immediately evident that strong smoothing
yields a much higher (and therefore worse) AIC than no smoothing or optimal
smoothing. On the other hand, the improvement obtained by optimizing σ2

m, and
also c, is small, compared with the choice c = −1/6, σ2

m = 0.0. While the optimal
value of the Laplacian parameter c is close to its initial value of −1/6, the optimal
value of σ2

m is much smaller than 2.0, corresponding to only a weak amount of spatial
smoothing. When visualizing the joint Laplacian and smoothing transformation in
the same style as in Fig. 1, there is hardly any visible difference between the pure
Laplacian transformation and the joint transformation.

This result can also be illustrated by substituting σ2
m = 0.14 and d(v,w) =

1 in Eq. (10). A value of m(v,w) = 0.0281 is obtained for the largest non-
diagonal smoothing coefficient; obviously this coefficient will provide only very weak
smoothing.

7.5. Results of modeling: HRF-ARX

Table 1 also shows results for four HRF-ARX models. In the case of these mod-
els, model orders p and q are determined by the ARMA representation that was

Table 1. Comparison of voxel-wise AIC and parameter estimates for several models; an asterisk
denotes an optimized parameter estimate. Labels (a)–(g) in the first column refer to the list of
models in the text.

Model p q AIC/Nv c σ2
m γ1 γ2 λ1 λ2 k

(a) NNARX 3 1 3732.8 −1/6 0.0 — — — — —
(a) NNARX 10 1 3735.4 −1/6 0.0 — — — — —
(a) NNARX 3 1 9150.4 −1/6 2.0 — — — — —
(a) NNARX 10 1 9151.1 −1/6 2.0 — — — — —
(b) NNARX 3 1 3713.4 −0.14061∗ 0.1425∗ — — — — —
(b) NNARX 10 1 3715.9 −0.14025∗ 0.1421∗ — — — — —
(c) NNARX 10 9 3737.8 −1/6 0.0 — — — — —
(c) NNARX 10 9 9151.7 −1/6 2.0 — — — — —
(d) NNARX 10 9 3718.3 −0.14007∗ 0.14184∗ — — — — —
(e) HRF-ARX 10 9 3777.6 −1/6 0.0 6.0 16.0 1.0 1.0 1/6
(e) HRF-ARX 10 9 9216.8 −1/6 2.0 6.0 16.0 1.0 1.0 1/6
(f) HRF-ARX 10 9 9047.7 −0.17546∗ 2.0 10.337∗ 10.353∗ 1.626∗ 1.530∗ 0.354∗
(g) HRF-ARX 10 9 3736.3 −0.13364∗ 0.12814∗ 9.019∗ 11.419∗ 1.332∗ 1.138∗ 0.318∗
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chosen for the HRF, while the HRF parameters, as well as the parameters of the
instantaneous transformations, may be optimized by minimum-AIC.

Table 1 demonstrates that also in HRF-ARX models strong smoothing yields
higher AIC. The improvement of AIC by optimizing all parameters is small, com-
pared to the effect of removing strong smoothing, but still clearly significant. A
natural significant threshold of AIC is given by a value of two; here we find an
average improvement of about 41 at each voxel.

The optimal values for c and σ2
m do not differ much from the corresponding

NNARX values. The values of the HRF parameters may be compared with the
initial/standard SPM8 values by plotting the corresponding HRFs themselves; this
is done in Fig. 4.

From Fig. 4 it can be seen that the HRF corresponding to the optimized parame-
ters differs from the standard SPM8 HRF by a somewhat weaker positive activation
peak with a slightly larger time delay of 6.4 seconds, and by a negative activation
peak with a considerably smaller time delay of 13.1 seconds. The corresponding
parameters are δ1 = 6.77 and δ2 = 10.03; as mentioned in Sec. 2.1, the superimpo-
sition of two “gamma” functions causes shifts of the peaks.

The figure also shows the HRF corresponding to the constrained model with
σ2

m = 2.0; for this HRF, the positive activation peak is still weaker than for the stan-
dard SPM8 HRF, and the negative activation peak is completely missing. Parame-
ters are δ1 = 6.36 and δ2 = 6.76, but the negative activation peak is suppressed by
the positive peak.

We remark that the chosen FMRI data set was recorded from a block-design
experiment. It can be expected that the estimation of the optimal HRF shape would
benefit from choosing an event-related design; this will be done in future work.

Fig. 4. Haemodynamic response function (HRF) for standard SPM8 parameters (solid line), for
optimized parameters, if also the Laplacian parameter c and the smoothing parameter σ2

m were
optimized (dashed line), and for optimized parameters, if c was also optimized, but σ2

m was fixed
at a value of 2.0 (dash-dotted line).
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7.6. Results of modeling: Activated voxels

In Fig. 5 we compare stimulus-related activations corresponding to the models dis-
cussed in this paper. We begin with the t-maps of a standard GLM analysis. The
threshold is chosen such that the 50 voxels with the strongest activation are selected.
Choosing a fixed number of activated voxels allows us to compare with the statistic
based on AIC differences, as defined in Eq. (17).

The first row of panels of Fig. 5 shows the GLM results. The activated voxels
form a clear cluster in the vicinity of the motor cortex of the left hemisphere; this is

Fig. 5. Glass-brain visualization of the set of 50 voxels with strongest stimulus-related activation
for motor-task FMRI data using the following models: GLM with smoothing (σ2

m = 2.0) and
without smoothing (σ2

m = 0.0); NNARX with non-optimized standard values for c and σ2
m, and

model orders p = 3, q = 1, p = 10, q = 1 and p = 10, q = 9; NNARX with optimized values for
c and σ2

m, and the same model orders; and HRF-ARX with non-optimized standard values for c,
σ2

m and the HRF parameters, with optimized values for c and the HRF parameters, but σ2
m = 2.0

(denoted by “partly optimized”), and with optimized values for all parameters. Model orders for
HRF-ARX are always p = 10, q = 9. Labels (a)–(g) refer to the list of models in the text.
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the expected result for a right-hand motor task. If spatial smoothing is omitted, the
same analysis yields a cloud of mostly non-connected voxels, the majority of which
is again located in the left motor cortex, while some activated voxels are visible in
the vicinity of the right motor cortex and some in the cerebellum.

The second row of panels shows results for NNARX(3,1), NNARX(10,1) and
NNARX(10,9) models with non-optimized standard values for c and σ2

m, i.e., with
strong smoothing. All models yield several activations in the cortex and the cerebel-
lum. For the NNARX(10,1) and NNARX(10,9) models, the activations are focusing
on the left motor cortex, while still other activations persist in the right hemisphere
and the cerebellum.

The third row of panels shows results for the same NNARX models, but with
optimized values for c and σ2

m, i.e., with very weak smoothing (compare Table 1).
In all three cases we see somewhat diffuse clouds of voxels. As can be seen from
the sagittal projections, a subset of these voxels is located in the vicinity of the left
motor cortex, especially for the NNARX(10,9) model. There is no corresponding
activation in the right motor cortex.

The fourth row of panels shows results for HRF-ARX models, with non-optimized
standard values for c, σ2

m and the HRF parameters (left), with optimized values for c

and the HRF parameters, but σ2
m = 2.0 (center), and with all parameters optimized

(right). For the non-optimized model, most activated voxels are situated in the
vicinity of the left motor cortex and in the cerebellum. The results for the partly
optimized model appear somewhat blurred, despite the strong smoothing. Finally,
the fully optimized model corresponds to very weak smoothing, whence the activated
voxels form a cloud of mostly non-connected voxels. Nevertheless, it is interesting
to note, that this cloud seems to localize rather well around the left motor cortex
and the cerebellum. Note the similarity with the result of the non-smoothed GLM.

8. Discussion and Conclusion

In this paper we have compared two classes of autoregressive models for modeling
FMRI time series, and we have demonstrated how standard concepts from the field
of FMRI modeling, namely a prespecified shape for the HRF and preprocessing
by spatial smoothing, may be incorporated into this modeling approach, within a
rigorous maximum-likelihood framework.

There are a number of similarities between standard GLM analysis and analysis
by NNARX and HRF-ARX model fitting. Both approaches are based on voxel-wise
least-squares regression, employ autoregressive modeling for describing temporal
autocorrelations, and can be applied to spatially smoothed data. Furthermore both
approaches provide local parameters for quantifying the effect of the stimulus on a
given voxel, i.e., in principle any voxel is given a chance to respond strongly to the
stimulus.

On the other hand, the Laplacian transformation does not have a corresponding
element in the GLM, and both the amount of spatial smoothing and the shape of the
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HRF need to be predefined for GLM analysis; for HRF-ARX and NNARX model
fittings the parameters of the two instantaneous transformations can be optimized
for the given data, and for HRF-ARX models the HRF can also be optimized. This
optimization is based on the prediction of all available data, regardless of the fact
that only specific areas will actually be activated by the stimulus; therefore it can be
assumed that the parameters resulting from this optimization reflect fundamental
behavior of “background” BOLD dynamics and much less specific aspects of stimulus
response behavior. This aspect is also illustrated by our reinterpretation of the spa-
tial smoothing parameter σ2

m as an additional parameter of the non-diagonal driving
noise covariance matrix Sη. The LRT-type statistic given by Eq. (17) is designed in
a way such that effects of the “background” BOLD dynamics approximately cancel
out.

GLM analysis, however, has only very limited ability to characterize the “back-
ground” BOLD dynamics, namely through autoregressive modeling of the regression
residuals. Nevertheless, it may benefit from optimized HRF-ARX models, e.g., by
employing the optimal HRF parameters.

The concept of investigating “background” BOLD dynamics through predictive
modeling, regardless of the presence or absence of stimuli, presents an interest-
ing direction for further work; as examples we mention voxel-voxel connectivity
and “resting state networks”. It is sometimes conjectured that a large fraction
of the potentially useful information contained in FMRI time series has not yet
been accessed [29]; predictive modeling within the innovation approach [19] can
be expected to play an important role in this respect, since it allows the decom-
position of the spatiotemporal correlation structure of the data into different
layers [16]. As an example, we expect that important non-neighbor voxel-voxel
interactions can be extracted from the innovations more easily than from the
original data.

The quality of NNARX and HRF-ARX models may be compared by, at least, two
different criteria: by the minimum-AIC criterion (where the AIC could be replaced
by some alternative information criterion) and by the maps of estimated activated
voxels. We see from Table 1 that, according to the minimum-AIC criterion, the
NNARX(3,1) model with optimized values for the parameters of the instantaneous
transformations performs best among the set of all models which were tested in
this paper. The optimized values correspond to the case of very weak smoothing;
the value of the Laplacian transformation parameter is close to the standard value,
c = −1/6. For this optimal model, the map of activated voxels consists of a cloud
of non-connected voxels part of which fall into the left motor cortex, which is the
expected region.

As has been demonstrated, the set of activated voxels may be better focused
onto the expected region in at least three ways: by increasing the model order, by
reverting to stronger spatial smoothing, or by imposing a particular standard shape
of the HRF, taken from prior knowledge, onto the model (such that it becomes closer
to the standard GLM analysis). However, all of these changes yield worse values of
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AIC; this applies particularly to stronger spatial smoothing. This result illustrates
the inherent problems with steps for data processing that are justified mainly by
“tradition”, not by a quantitative statistical criterion.

We would like to argue that spatially smoothing the data prior to any further
analysis represents a dubious way to treat the data. By taking such a step, data
that is obtained with very good spatial resolution, is artificially blurred, neglecting
anatomical boundaries within the body and the high spatial resolution is sacrificed
to noise reduction. It would be difficult to believe that such blurring would facili-
tate subsequent modeling, therefore we regard our result that strong smoothing is
discouraged by the minimum-AIC criterion as natural.

The question then arises, how the clouds of activated voxels which result from
very weak or absent smoothing, are to be interpreted? A few well-connected clusters
of activated voxels, preferably close to the expected regions, seem more desirable
than diffuse clouds. We are currently unable to decide whether these clouds indicate
an improved spatial resolution, thereby possibly hinting at meaningful information,
or result from nuisance effects, such as noise components of physiological or technical
origin. It is likely that both possibilities play a role.

But we need to reiterate the problem of circular reasoning. The standard GLM
analysis, including spatial smoothing, has gained credibility because it reproduces
the expected activations in many data sets. While such expectations are generally
justified, they cannot be easily extended to spatial details at high spatial resolu-
tion, except in favorable cases. Furthermore, results from GLM analysis have almost
become “benchmark” results, even in cases where no certain independent informa-
tion on the true locations of the activated areas is available.

Unfortunately, it is very difficult to generate reliable benchmark data sets for this
situation, since it would require the existence of a method to gain certain knowl-
edge of the true activations within that benchmark data. Simulations may offer a
solution here, provided they succeed in imitating the physics of the data acquisition
process very closely. It is important to understand that simplistic autoregressive
simulations that could be implemented with limited effort, would not suffice for this
purpose.

Expressing the same point in different words: How do we know that for a par-
ticular data set, the map with few well-connected clusters is closer to the unknown
truth than the map with the widely dispersed cloud? It may be easier to interpret,
but that alone does not justify acting against the minimum-AIC criterion.

It is obvious that well-established prior knowledge needs to be accessed for mod-
eling, but based on the results presented in this paper, we doubt that strong spatial
smoothing can be justified along these lines. We are more optimistic in the case
of the HRF. For the HRF-ARX models, the same global HRF is imposed on all
voxels, while for the NNARX models, each voxel chooses, purely data-driven, its
own local HRF, independent of its neighbor voxels. Both of these are extreme cases,
and future work should be directed towards developing compromises between the
extremes.
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